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SUMMARY 
A theory is developed for  a i r c r a f t  control obtained from the propeller 
forces and moments generated by blade angle variation d u r i n g  a blade revolution. 
The propeller blade i s  pitched harmonically one cycle per propeller revolution. 
As a r e s u l t ,  the propeller of f - se t  th rus t  and power produce forces and moments 
on the axis which provide control f o r  the vehicle. This i s  termed cyclic-control. 
Using quasi-steady pr inciples ,  and a power ser ies  representation of an arbi t rary 
function for cyclic-blade angle, theory is developed which leads t o  exact solu- 
t ions in terms o f  derivatives of steady-state thrust  and power with respect t o  
blade angle. 
i s  in  terms of Bessel functions. This solution i s  mathematically valid fo r  
cyclic-blade angles t o  90 degrees. Steady-state propel l e r  theories and experi- 
ments are well documented and available i n  the l i t e r a t u r e ,  and i n  addition, an 
approximate method i s  given in the present report. Needed are the steady-state 
f i rs t  and higher order derivatives of th rus t  and power with respect to steady- 
s t a t e  blade angle. 
presented. Correlations of cycl ic-control theory predictions are made w i t h  
experiment. 
For vehicle control i t  i s  desirable to isolate  forces and moments. In  
t h i s  aspect i t  i s  shown how the counterrotating propeller i s  unique. 
applying a cyclic-blade angle a t  the proper azimuth angle on each ro to r ,  a 
force can be generated in any direction without an accompanying moment on 
the counterrotating propeller axis ,  or  a l ternat ively,  a moment without force. 
In the hovering mode, cyclic control provides propulsion in any direction t o  
the dual rotor w i t h o u t  rotor t i l t  or moments. Also, when in the propeller mode 
a t  the t a i l  of an a i r sh ip  or submarine, t h i s  provides isolated o r  combined con- 
t ro l  forces and moments w i t h  no a i r sh ip  movement. 
more single rotation propellers,  in l i ne  a s  on a w i n g ,  can also i so l a t e  control 
forces and moments by cyclic-control. 
An a l te rna t ive  solut ion,  when the cyclic-blade angle i s  s inusoidal ,  
An estimate of non-steady a z i m u t h  angle change or lag i s  
By 
I t  i s  shown how three o r  
INTRODUCTION 
In  the technical evolution of broadening the high-low speed range capa- 
By making  the blades cyclic control lable ,  the propeller 
bil  i ty  of a i r c r a f t ,  the propulsive uni t ,  a s  speed decreases, must increasingly 
augment b o t h  l i f t  and control ,  
and optimized u n i t .  
o r  rotor  becomes a propulsive unit  i n  which propulsion, l i f t ,  and control are 
combined, as  i n  some helicopter designs. 
harmonically changing the blade angle from bo + y t o  60 - y t o  bo + y degrees 
d u r i n g  each propeller revolution, where y and the azimuth angle, Y O ,  a t  which 
y i s  added, are bo th  controllable.  
types of operations for  cycl ic  control application would include t i l t -  
wing, t i l  t - ro to r ,  vectored slipstream by normal or s ide forces ,  short  take-off 
and landing, l o i t e r ,  1 if t ing-crane,  a i rship or submarine, control of slipstream 
deflection for  best cruise ,  and air-cushion. 
only a limited number of degrees of freedom is  of concern and the term mono- 
cycl ic  propeller has been used. 
complicated for  more degrees of freedom and can be derived fo r  generalized 
cycl ic  control valid for  s ix  degrees o f  freedom. 
Ideally, b o t h  would be contained i n  a single 
The term cycl ic  control re fers  t o  
A l i s t  o f  the types of a i r c r a f t  o r  the 
In some of these applications 
Cyclic-control theory does n o t  become more 
Cyclic-control experimental data i s  presented i n  reference 1 on work 
done by de  Decker. This experimental data is  w i t h  zero f r e e  stream velocity 
and includes thrust and power, without and w i t h  cycl ic  blade-angle, and s ide  
force and pitching moment of the propeller w i t h  cycl ic  blade angle fo r  various 
blade angle settings. Basic cyclic-control analysis i s  developed i n  reference 
2.  Recent counterrotating-rotor cycl ic-control analysis f o r  the helicopter,  
based on helicopter theory assumptions of low disc  loading and small blade and 
inflow angles, was developed by Drs. Wadia and Fairchild and presented ( r e f .  3) 
in a paper. 
control, w i t h  iliclined propeller methods. 
change of blade angle i s  analogous t o  the theory of the inclined propeller o r  
the propeller i n  yaw developed i n  references 4 and 5. The primary difference 
i s  tha t  the cyclic-control blade does n o t  sense a dynamic pressure change, 
whereas, for  the inclined propeller,  changes i n  dynamic pressure occur d u r i n g  
a cycle. Helicopter theory fo r  cycl ic  control is  simplified to  rotors  of small 
sol idi ty  and small blade and inflow angles, and i s  generally inadequate fo r  
highly loaded propellers of large so l id i ty .  The theory of reference 2 contains 
the concept t ha t  cycl ic  control on a counterrotating propeller can i so la te  a l l  
control forces and moments. Details of this  concept were presented by DeYoung 
f o r  V L M  Corporation t o  an Army evaluation team USAAMRDL (Ames Research Center) , 
i n  an unpublished paper, "The Counterrotating Rotor w i t h  Cycl ic-Control Permits 
Is01 a t i o n  of Forces and Moments , I '  February 17 , 1972 , Fort Worth , Texas. 
theory relating cyclic-control forces,  moments, power and  th rus t  changes t o  the 
steady-state charac te r i s t ics  of  the same propeller f o r  a rb i t ra ry  propeller 
so l id i ty  o r  disc loading; t o  derive counterrotating propeller cyclic-control 
analysis i n  terms of t ha t  of the single propeller solution; and t o  investigate 
the effectiveness o f  propeller or  rotor configurations o r  combinations f o r  
isolating cyclic-control forces and moments. 
refinement, c l a r i f i ca t ion ,  and extension of the basic theory developed i n  
reference 2.  
The analysis of reference 2 i s  partly based on an analogy of cyclic- 
The theory of a propeller w i t h  cycl ic  
The principal objective of the present study i s  t o  present a generalized 
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SOLUTION FOR CYCLIC-CONTROL PROPELLER CHARACTERISTICS 
Force and Moment Coefficients i n  Terms 
of Azimuth Angle Integrals 
For cyclic-control of propeller forces and  moments a cycl ic  variation of 
blade angle i s  superimposed on the steady-state blade angle d u r i n g  one 
revolution of the propeller. 
thrust  and torque will a l so  vary d u r i n g  the cycle and l e a d  to thrust o f f - se t ,  
side forces, and result ing moment changes. 
as shown i n  f igure 1 ,  a lso the posit ive direct ions of force and moment 
coefficients are  shown. Let 
When this variation i s  continually repeated, the 
The azimuth angle, Y ,  i s  defined 
- for clockwise rotat ion;  '0 - 'ph + 'ax + 'con 
J - for counterclockwise rotat ion;  yo  - -yph + Yax + Ycon 
where \yo i s  the azimuth angle a t  which the blade thrust and torque a re  minimum, 
Yph i s  
i s  the effect ive phase angle change due t o  blade pitching velocity (appendix A ) ,  
and Yqon i s  the azimuth angle t h a t  can be chosen t o  govern o r  control the 
position of minimum blade thrus t .  
coefficients are  
the phase angle t h a t  the thrust  and torque lag the blade angle, yax 
The average thrust  and average power 
r 2 n  
'0 
where C T ( Y - Y ~ )  and Cp(ul-ul0) represent functional re la t ions of variations w i t h  
( ' - y o ) ,  and a re  a b r i  t rary functions. 
T h e  h u b  pitching moment i s  the product o f  the thrus t  and the z component 
of radial distance of center o f  thrust, then 
' 
21T 
C, = - - 1 [ p T ( Y - ~ o ) C T ( ~ - ~ o ) c o s  Y dy ( 4 )  4 T  
6 
The h u b  yawing moment i s  the product of the thrus t  and the y component of 
radial distance of center of t h rus t ,  then 
pT(Y-Yo)CT(Y-Yo)Sin YJ dY 
' n = - -  41r 1 i" 
= C, tan \yo ( 5 )  
where the second equality i s  obtained by noting t h a t  the functional variation 
of PT and CT i s  antisymmetric w i t h  ( Y - Y ~ )  and t h a t  
s in  Y = cos yo sin(yl-Y ) + s in  \yo C O S ( Y - Y ~ )  
0 
then the f i r s t  term in t h i s  s in  Y expansion will be zero in the integration 
from Y = 0 t o  2lr. Similarly,  the expansion of cos Y i n  equation ( 4 )  leads t o  
cos yo C O S ( Y - Y ~ )  and t h i s  multiplied by tan yo r e su l t s  i n  Cn = Cm t a n  y o .  
The side force i s  the integration of t h e  change of torque normal t o  the 
xz-plane, divided by the radial  center of torque or  power, then 
The normal force i s  the integration of the change of torque normal t o  the 
xy-plane, divided by the radial center of power, then 
2T 
c p  (+yo 1 
0 sin Y dY = -Cy t a n  YJ 2-r 
where as i n  equation ( 5 )  the integrand factor of s in  Y i s  antisymmetric. 
The thrust of f - se t  fo r  pitching i s  
(7) 
7 
The thrus t  off-set  f o r  yawing i s  
‘n - p m  tan yo  N y~ - yaw - 
‘Tav 
The figure of merit ( s t a t i c  conditions) i s  
3/ 2 
( 9 )  
The signs of equations ( 4 )  through ( 7 )  a re  for  clockwise propeller 
rotat ions,  however, the f inal  signs and magnitudes of these coeff ic ients  will 
depend on the azimuth angle, y o .  For counterclockwise ro ta t ion ,  equations ( 4 ) ,  
(5 ) ,  and ( 7 )  remain the same, only the sign of equation ( 6 )  for  CY changes, b u t  
the final sign and magnitude will depend on Y o .  
angle, ‘Ycon, equal to zero, and Yax small, then the counterclockwise rotation 
has Cm and CN with the same s i g n ,  and Cy and  Cn with opposite sign t o  t h a t  a t  
clockwise rotat ion,  with magnitude the same. 
With the azimuth control 
Cyclic-Control Solutions by Power Series 
All the functional factors  i n  the integrands of equations ( 2 )  t h r o u g h  ( 7 )  
a re  functions of the blade angle which in steady-state operation would be 
constant with respect t o  azimuth angle and  equations ( 4 )  through ( 7 )  would be 
zero. I n  cycl ic  control operation the blade angle i s  made t o  vary during the 
revolution. Let the blade angle be represented by the function 
where y i s  the maximum value of the cycl ic  angle, a n d  f(Y-Yo) represents the 
variation antisymmetrically of the cycl ic  angle added t o  the blade angle during 
a revolution of the blade (e.g.  t h i s  function i s  simply - C O S ( Y - Y ~ )  f o r  
sinusoidal variation of blade angle) .  
blade rotational speed and advance r a t i o ,  varies a s  
Then the thrus t  coeff ic ient  for  a qiven 
where the r igh t  side 
bracket. Equation ( 
denotes t h a t  CT i s  a function of the term inside the 
2 )  can be expanded into a power se r i e s  in terms of y, thus 
8 
The coeff ic ients  of the y ser ies  a re  obtained by t a k i n g  par t ia l  derivatives 
of equation ( 1 2 ) ,  and l e t t i ng  y be zero. Then 
y=O 
CT = CTIBo + yf (y -yo) ]  = c 
TO 
y=o  aCTo 
ay  aCBo + Y f ( Y - Y O ) l  a BO 
- -  aCT - a cT f ( Y - Y o )  = - f ( Y - Y o )  
Then equation ( 1 2 )  can be writ ten as 
3 3  
3! a g o  
y a ‘To 
+-3 ~ ~ ( Y - Y ~ ) I ~  + 
when CT, i s  the steady-state thrust  coefficient (y = 0 )  which i s  a function 
of oo. 
simply in terms of steady-state thrust derivatives with respect t o  blade 
angle. 
Thus in equation (14)  the cyclic variation of th rus t  i s  expressed 
9 
A s i m i l a r  expansion g i v e s  t h e  power c o e f f i c i e n t  as 
n n Y ancp0 + -  [ f ( Y - Y o ) l  + . . . . n . . . .  n!  a6, 
An expansion f o r  t h e  produc t  o f  r a d i u s  c e n t e r - o f - t h r u s t  and t h r u s t ,  
r e s u l t s  i n  
10 
n n Y ~'PT,CT,) 
n! ago 
+ -  [ f (Y-Y0) ]  + . . . . n . . . .  I 
An expansion of  t h e  r a t i o  o f  power t o  r a d i u s  center-of -power g i v e s  
Inserting equations (14) through (17) into the corresponding integrands 
o f  equations ( 2 )  through ( 7 )  , and noting t h a t  f (y -yo)  i s  antisymmetric so 
many o f  the in tegra ls  a r e  zero, leads t o  the solutions 
1 1 Ipn ancT 
C T ~ ~  - CTo + 4 Ip2 CT" y2 + - -- 
n y  2 n=4 n! a g o  
even 
1 1 ancp 
4 2 n=4 n! a8, 
- i- - Ip2 cp"  y2 + - c -- 
n Y  'pav - 
W even 
1 I O3 an((PTCI)  
C m = - - I  ( p C ) y - -  c -  n y = cn co t  Y o  
4 n=3 n! ag, M1 T T 4 
U odd 
. O  odd 
11 
where the I -  in tegrals  a r e  defined as 
21T 1 
[f ( Y - Y ~ ) ] ~  dul 
1 
[ ~ ( Y - Y ~ ) ] ~  cos Y dul 
71 
h n  
In  equations (18) through (23) ,  the s ingle  prime indicates the f i r s t  par t ia l  
derivative w i t h  respect t o  B,, the double prime indicates the second p a r t i a l  
derivative with respect t o  B,, e t c . .  
mathematically exact se r ies  b u t  remain generalized i n  tha t  an a rb i t ra ry  cycl ic  
the I-integrals of  equations ( 2 4 )  t h rough  ( 2 6 ) .  
are  derivatives with respect t o  steady-state blade angle of th rus t  and power 
coeff ic ients ,  o r  of products or  ra t ios  of th rus t  and power with blade radius 
center o f  th rus t  or power. 





antisymmetric function of Y ,  represented by f ( y - y  ) y  can be inserted t h r o u g h  
fhe factors  of yn in the ser ies  
Cyclic function o f  cosine t o  m-power. - The cycl ic  function g i v i n g  a 
sinusoidal variation and dis tor ted sine variations of blade angle are of 
I immediate in t e re s t .  Let 
f ( Y - Y o )  = cos m ( Y - Y o )  
where m denotes odd integer powers or odd integer roots.  The integrals  of ~ 
equations ( 2 4 )  t h r o u g h  ( 2 6 ) ,  w i t h  equation (27 )  are  
21T a = odd 1 
(28) 
1 
C O S ~ ( Y - Y ~ )  dY = 
1 2  
1 
cosa(Y-Yo)cos~ dy = I Mn 
2n 





a t 2  
& a t3  
' 2  r(+ 
r (7) 




r a t3  (7) 
- sin y o ,  a = odd 
0 
m 
where a=nm, r i s  the Gamma function, and a = odd, means odd integers o r  
odd fract ions,  1/3, 1/5, e t c . .  Using various values of m i n  equation (27) ,  
the e f f e c t  o f  the function 
factors  i n  equations (24) through (26). W i t h  equations (28) and (29),  the 
integral  factors  f o r  the f i r s t  two terms i n  the series, a re  
f(y-yo) can be assessed by evaluating the integral  
1 
cycl i c-curve factors  fo r  fac tors  for  
description CT or  Cp C, or  Cy 
eq. (28) eq. (29)  
m cos ( Y - Y o )  IPP 1 IP4 IM1 1 IM3 1 
1 
1 /3  
1 /5  
0 
3 
The integral  fac tors  fo r  Cn or  -CN determined from equation (30), are  the same 
as  those fo r  C, or  Cy, except sin \yo replaces cos y o ,  t h a t  i s ,  the tan \yo 
re lat ion of equations (21) and (23) holds true. As an example, the integral  
factors  inserted in to  equations (18) through (23) , f o r  the sinusoidal curve, 
m = 1 ,  appear as 
I I 
sinusoidal 1.00 0.75 1.00 cos y o  0.75 cos \yo 
bul ged-out 1.43 1.16 1.16 cos yo 1 .oo cos Y o  
bu l  ged-out 1.60 1.36 1.20 cos y o  1.09 cos Y o  
step-functi on 2.00 2.00 1.27 cos yo 1.27 cos \yo 
re f lex  0.63 0.45 0.75 cos \yo 0.49 cos yo 
_ -  
13 
Exami t i  
1 I’ 2 75 ’ “  4 = - c  
Cpav - ‘p0 4 P Y + 48 ‘P Y 
Cn = C t a n  \yo m ’ (31)  
Cb4 = -Cy t a n  \yo 
n o f  t h e  IMI f a c t o r s  i n  t h  tab1 shows t h  t t h e  
J 
t e p - f u n c t i  n 
c y c l e  generates t h e  l a r g e s t  moments and f o r c e s ,  about  27 p e r c e n t  g r e a t e r  than 
t h a t  o f  t h e  s i n u s o i d a l  c y c l e .  However, as shown by t h e  I p 2  values, t h e  e x t r a  
power r e q u i r e d  i s  double t h a t  o f  t h e  s i n u s o i d a l  c y c l e .  
c y c l e  the maximum b l a d e - p i t c h i n g  a c c e l e r a t i o n  becomes i n f i n i t e .  
I n  t h e  s t e p - f u n c t i o n  
C y c l i c  f u n c t i o n  f o r  most moment w i t h  l e a s t  e x t r a  power, a l s o ,  w i t h  miniilium 
b l a d e - p i t c h i n g  a c c e l e r a t i o n .  - For  c y c l i c  c o n t r o l  an o b j e c t i v e  i s  t o  g e t  t h e  
most c o n t r o l  o f  f o r c e s  and moments w i t h  t h e  l e a s t  e x t r a  Dower requi rement .  A 
r e l a t i o n s h i p  between moment o r  f o r c e  and e x t r a  power can‘ r e a d i l y  ‘be ob ta ined 
f rom equat ions (19) ,  ( Z O ) ,  and (22 ) .  Up t o  moderate va lues o f  t h e  Y-angle, t h e  
second i n t e g r a l  terms i n  equat ions (18) through (23) a r e  n e g l i g i b l e ,  then 
equat ion  (19)  f o r  e x t r a  power can be w r i t t e n  as 
I 1  
- cP 2 cp - cp - ___ 4 IP2 av 0 
S o l v i n g  f o r  y 
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then w i t h  equations (20)  and (22)  
For large magnitudes of control forces and moments f o r  a given power expendi- 
tu re ,  then, as shown i n  equation (32) ,  the square root of the r a t i o  of 1 ~ 1 2  t o  
I p 2  should be as large a s  possible. W i t h  the general cyclic function of equa- 
t ion ( 2 7 ) ,  and equations (28) and (29 ) ,  values of this r a t i o  for various values 
of  m a re  as follows: 
As can be seen, the sinusoidal cyclic function, m = 1 ,  gives the best value, 
however, t h i s  square r o o t  r a t i o  i s  not very sensi t ive w i t h  cyclic function 
since only a ten percent loss  i s  shown fo r  the extreme conditions of a step- 
function, m = 0, cycl ic  variation. 
These m values, other than one, are  rather strong dis tor t ions and lead to  
h i g h  acceleration points d u r i n g  the cycle. A small variation from sinusoidal 
t h a t  uses the next symmetric harmonic i s  given by 
f ( Y  - y o )  = k C O S ( Y  - y o )  + (1 - k )  COS 3 ( Y  - Y o )  (33) 
which equals the required unity a t  Y - yo = ‘ O .  
equations (24)  fo r  n = 2 ,  and (25)  f o r  n = 1 , r e su l t s  i n  
Inserting equation (33) into 
2 2 = k  + ( l - k )  I P2  
I IM1 = k cos yo 
then the square r o o t  r a t i o  i s  
(34) 
15 
Equat ion (35)  i s  maximum w i t h  k = 1, which i s ,  as be fore ,  t h e  s i n u s o i d a l  
v a r i a t i o n .  However, equat ion  (33)  w i l l  be examined f o r  m i n i m i z i n g  angu lar  
a c c e l e r a t i o n  peaks. 
Taking t h e  second p a r t i a l  d e r i v a t i v e  w i t h  r e s p e c t  t o  t i m e  o f  equat ion  (33)  
g i v e s  t h e  angu lar  a c c e l e r a t i o n  of t h i s  c y c l i c  f u n c t i o n  as 
L e t  Y = ut,  where w i s  angu lar  v e l o c i t y ,  and t i s  t ime.  
n 
Y - y o ,  deg 0 15 30 45 60 75 
s inuso ida l  1.000 ,966 .866 .707 .500 .259 
k = 81/80 .goo .899 .877 .795 .619 .342 
aL f ( r !  - 
a t2 




The c o n d i t i o n s  f o r  minima a r e  ob ta ined by d i f f e r e n t i a t i n g  once aga in  and s e t -  
t i n g  the r e s u l t s  equal t o  zero.  Thus 
u3[k sin(ly - y o )  + 27(1 - k )  s i n  3 ( ~  - y o ) ]  




The angular a c c e l e r a t i o n  p e r  angu lar  v e l o c i t y  squared f o r  t h e  s i n u s o i d a l  c y c l e  
i s  given by k = 1 i n  equat ion  (36) .  
angular  a c c e l e r a t i o n  p e r  angu lar  v e l o c i t y  squared equals  90 percent  o f  t h e  
s inuso ida l  maximum, as shown i n  t h e  f o l l o w i n g  comparison: 
Wi th t h e  k o f  e q u a t i o n  (38) ,  t h e  maximum 
2 a f ( Y  - Y o )  1 - 
W 2 a t 2  
S ince v i b r a t i o n  f a t i g u e  depends on t h e  maximum s t r e s s ,  o r  a c c e l e r a t i o n ,  and 
l i t t l e  on t h e  t i m e  r a t e  o f  change o f  a c c e l e r a t i o n ,  then t h i s  k = 81/80 f u n c t i o n  
o f  f ( y  - Y O ) ,  which i s  l i t t l e  d i f f e r e n t  from s i n u s o i d a l ,  may be optimum. 
equat ion (37) ,  a t  Y - Y O  = 90 degrees, t h e  k = 81/80 c y c l i c  f u n c t i o n  has a 
t i m e  r a t e  of change of angu lar  a c c e l e r a t i o n  which i s  35 percent  l a r g e r  than 
t h a t  o f  t h e  s i n u s o i d a l  c y c l i c  f u n c t i o n .  
From 
From equat ions  (33)  th rough (35) ,  t h e  
I k = 81/80 c y c l i c  f u n c t i o n  i n t e g r a l  f a c t o r  c h a r a c t e r i s t i c s  a r e  
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I p 2  = 1 + - -  81 - 1.0253 3200 
- 81 
IF11 80 - - C O S Y ~  = 1.0125 cosyo 
(39)  
J 2 2 1 /2 1/2 ( IM1 /Ip2 COS y o )  = ( 1  - 1/6562) G 1.000 
The b lade ang le  c y c l i c  v a r i a t i o n ,  c y c l i c  fo rces  and moments, and t h r u s t  and 
power, f o r  t h e  k = 81/80 c y c l i c  func t ion ,  a r e  ob ta ined by i n s e r t i n g  equat ion  
(39)  i n t o  equat ions (11)  and (18)  through (23).  Comparing t h e  k = 81/80 
c y c l i c  f u n c t i o n  c h a r a c t e r i s t i c s  w i t h  those due t o  a s i n u s o i d a l  c y c l e  (eq. 31),  
t h e  k = 81/80 c y c l e  has t h e  same moment and f o r c e  r a t i o  p e r  e x t r a  power, 1.25 
percent  g r e a t e r  moments and forces, 2.53 percent  more e x t r a  power r e q u i r e d ,  
and t e n  percent  l e s s  maximum blade angu lar  a c c e l e r a t i o n  which helps d e l a y  
f a t i g u e .  
Denota t ion  o f  CT l i n e a r i t y  w i t h  J by CT*. - I n  equat ions (18)  th rough (23)  
t h e  p a r t i a l  d e r i v a t i v e s  o f  t h r u s t  and power w i t h  r e s p e c t  t o  b lade angle a r e  
ob ta ined f rom s t e a d y - s t a t e  exper imental  p r o p e l l e r  c h a r t s  o r  f rom s teady-s ta te  
p r o p e l l e r  o r  r o t o r  theory .  Steady-state t h r u s t  c o e f f i c i e n t s  t e n d  t o  become 
n o n l i n e a r  w i t h  advance r a t i o  as advance r a t i o  becomes smal l .  T h i s  n o n l i n e a r -  
i t y  i s  p r i m a r i l y  due t o  t h e  inc rease i n  angle o f  a t t a c k  on t h e  b lade w i t h  l e s s  
inc rease o f  l i f t ,  as t h a t  o f  a wing approaching s t a l l .  I n  a d d i t i o n ,  t h e  induced 
i n f l o w  v e l o c i t y  becomes p r o p o r t i o n a l l y  l a r g e r  a t  s m a l l e r  advance r a t i o s .  The 
b lade w i t h  c y c l i c - b l a d e  ang le  sheds p l u s  and minus s t a r t i n g  v o r t i c e s  which 
induce v e l o c i t i e s  t h a t  keep t h e  f l o w  on t h e  b lade at tached,  and t h e  added then 
lessened induced i n f l o w  v e l o c i t y  d u r i n g  a c y c l e  tends t o  n u l l i f y .  These non- 
s teady e f f e c t s  thus  approximate a t h r u s t  l i n e a r i t y  w i t h  advance r a t i o  as shown 
b e l  ow. 
l i n e a r  w i t h  J 
J 
With f l o w  remain ing a t tached under c y c l i c  c o n t r o l  c o n d i t i o n s  o f  no n e t  
i n f l o w ,  t h e r e  would be no drag r i s e  which leads t o  power increase.  
p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  b lade angle i n v o l v i n g  power c o e f f i c i e n t s  
a r e  taken d i r e c t l y  f rom s teady-s ta te  exper imental  da ta  o r  t h e o r y .  Tak ing i n t o  
account t h e  non-steady e f f e c t  on t h r u s t  c o e f f i c i e n t ,  a l l  t h e  d e r i v a t i v e s  i n v o l v -  
i n g  CT a r e  w i t h  CT l i n e a r  w i t h  J ,  denoted by CT*, f o r  e i t h e r  exper imenta l  o r  
Hence t h e  
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theoretical  steady-state propeller o r  rotor data. Then equations (18) through 
(23)  become 
even 
where the I integrals  a re  given i n  equations ( 2 4 )  and (25) ,  and pf i s  the 
radial position of the center of linear-with-J t h rus t .  
Cyclic-Control Solutions i n  Terms of Bessel Functions 
The integrals  of equations ( 2 )  t h r o u g h  ( 7 )  for the sinusoidal cycle can be i 
1 
1 
d i rec t ly  evaluated i n  terms of Bessel functions since they already contain 
the integral representations of the Bessel functions. These integrals  a re  
characterized by trigonometric functions a s  arguments of trigonometric functions. 
For example, from reference 6 
I 
T h u s  the use of Bessel functions provides a closed solution which i s  valid t o  
large values o f  the cyclic angle, y. 
Averaged cyclic thrust  and power. - The l inear  w i t h  J steady-state th rus t  
coefficient i s  expressed as  a Fourier se r ies  i n  B,, t h u s  
m 
+ bn s in  ng,) C* = c ( a n  cos n g  0 n = ~  
18 
(45) 
The sinusoidal cyclic-blade angle i s  given by 
Substi tuting B ( Y  - y o )  of equation (46)  for  6, i n  equation (45) ,  r e su l t s  i n  
C?(Y - Y o )  = O3 c ((ancos nfio + bnsin ng,)cos[ny C O S ( Y  - y o ) ]  - 
n = O  
(-a  n s in  nB0 + bncos ngo)sin[ny C O S ( Y  - y o ) ] ]  ( 4 7 )  
A simple means for  obtaining the relationship between integrals  of trigonometric 
products and Bessel functions i s  by use o f  t he  following se r i e s :  
cos(y sinw) = Jo(y)  + 2 J2(y)cos 2~ + 2J4(y)cos 4~ t . . . 
sin(y sinul) = 2J l (y)s in  Y + 2J3(y)sin 31 +2J5(y)sin 5~ + . . . 
(48) 
s in(y  COSY) = 2Jl(y)cos Y - 2J3(y)cos 31 +2J5(y)cos 5 y  - . . . 
 COS(^ C O S Y )  = Jo(y)  - ~ J ~ ( Y ) c o s  ZY + ~ J ~ ( Y ) C O S  4Y - . . . 
and noting hat 
\:sin my s in  ny  d\r = 
ZIT 
cos mY cos nY dY = 0,  m # n 
0 
n\y dlu = IT ,  n # 0 
sin my cos ny dy  = 0,  a l l  m and n ,:" 
(49)  
where m and n are integers, 
The integration of equation ( 2 )  with equations ( 4 7 ) ,  (48) ,  and ( 4 9 ) ,  resu l t s  i n  
the average thrust coef f ic ien t ,  t h u s  
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m 
Cf = C (ancos n g  0 + bnsin ngo)Jo(ny) 
a v  n = O  
a 
C* - c (ancos n g  + bnsin ngo)[l - Jo(ny)]  
0 To n = l  
Similarly, for the power coef f ic ien t ,  l e t  
W 
Cp = c (cncos ngo  + dnsin ng,) 
n = O  
then 
m 
= c  - c (cncos ngo  + dnsin ngo)[l - Jo(ny)]  
a v  '0 n = l  c P  
Cyclic pitching and yawing moments. - For integrating equation ( 4 )  t o  
obtain Cm, the product of the radial center of thrust  and  the thrus t  coeff ic ient  
can be represented by another Fourier se r ies .  
much with go i t  can be approximated as follows: 
However, since p s  does n o t  vary 
P* = P *  [ I  + kTsin(fio - g l ) ]  
To 
where 
(53 )  
where ppo i s  the radial center of blade, 
Bo = 61,  and B 1  i s  the blade angle a t  p = 3/4 a t  which the blade pitch r a t i o ,  
p/D = v p t a n  g o ( p )  i s  re la t ive ly  constant with p ,  t h a t  i s ,  p g  = constant, then 
g = - p a B / a p .  
position with blade angle. 
in equation (53) ,  and  factoring t h i s  P? function t o  equation (47 ) ,  the inte-  
g r a t i o n  of equation ( 4 )  resu l t s  in 
inear-with-J th rus t  a t  blade angle 
The constant kT defines the magnitude of the change of radial 
Substi tuting B O ( Y  - Y O )  of equation (46 )  for  BO 
p* COSYo ngo  t bncos ngo)J1(ny) + 1 c = -  m 4 To n = O  
As an example and a check, l e t  the thrus t  coeff ic ient  be given by C? = bl singo, 
then equation (55) reduces to 
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which i s  t h e  s i n u s o i d a l  c y c l e  s o l u t i o n  f o r  any v a l u e  o f  y. 
f u n c t i o n s  a r e  expanded t o  t h e  t h i r d  power as 
I f  t h e  Bessel 
then equat ion  (56) becomes 
{ 1 Cm = 
1 
bl P ~ ~ ~ ~ s ' Y ~  [COSB, + kTsin(2Bo - fil)]y - 
8 ccosgo + 4kTSin(2Bo - B1)]y 
The check o f  t h i s  example s o l u t i o n  i s  t h a t  the  power s e r i e s  method o f  equat ion  
(42),  th rough n = 3, leads t o  an i d e n t i c a l  equat ion.  That i s ,  by us ing  
f ( y  - y o )  = - COS(Y - Y ) y  f rom equat ion  (46), then 1141 = -1, I M ~  = -3/4, and 
pfCT i s  t h e  produc t  o f  e8uat ion  (53)  and bl s ingo.  
The i n t e g r a t i o n  o f  equat ion  ( 5 )  f o r  C, i s  t h e  same as f o r  Cm except  
a f a c t o r  s i n y o  rep laces  C O S Y ~ .  Then as before 
C n = C m tanyo ( 5 )  
C y c l i c  s i d e  and normal fo rces .  - For  i n t e g r a t i n g  equat ion  (6) t o  o b t a i n  
Cy, an approximate express ion f o r  t h e  r a d i a l  c e n t e r  o f  to rque o r  power, PP, 
can be made as developed f o r  pT i n  equat ion  (53). L e t  
where PPo i s  t h e  r a d i a l  c e n t e r  o f  power a t  t h e  same c o n d i t i o n s  c i t e d  under 
e q u a t i o n  (53) ,  and t h e  cons tan t  kp d e f i n e s  t h e  magnitude o f  t h e  change o f  
r a d i a l  p o s i t i o n  w i t h  b lade angle.  Wi th  the s i n u s o i d a l  c y c l i c - b l a d e  ang le  of 
equat ion  (46) i n s e r t e d  i n t o  equat ion  (51) ,  t h e  c y c l i c  power v a r i a t i o n  i s  
CP(Y - Y o )  = O0 c {cncos nBo t dnsin ngo)cos[n-y COS(Y - y o ) ]  + 
n = O  
( c n s i n  nfio - dncos ngo)sin[ny COS(Y - y o ) ] }  
21 
S u b s t i t u t i n g  Bo(Y - "0) of equat ion  (46)  f o r  Bo i n  equat ion  (57) ,  and f a c t o r i n g  
t h i s  l /Pp  f u n c t i o n  t o  equat ion  (58) ,  t h e  i n t e g r a t i o n  o f  equat ion  ( 6 )  g i ves  
which, except f o r  n o t a t i o n  changes, i s  t h e  same equat ion  as t h a t  f o r  Cm i n  
equat ion (55 ) .  
f a c t o r  s inyo rep laces  COSYO.  
The i n t e g r a t i o n  o f  equat ion  (7 )  f o r  CN, i s  t h e  same as f o r  Cy except a 
Then as be fo re  
C N = - C y  tanyo 
For t h e  same reasons as those g i ven  i n  t h e  sec t i on ,  Denota t ion  o f  CT 
l i n e a r i t y  w i t h  J by C T ,  t h e  s teady -s ta te  t h r u s t  c o e f f i c i e n t  i n  equat ion  (45)  
i s  t h e  CT t h a t  v a r i e s  l i n e a r l y  w i t h  advance r a t i o  J .  
power c o e f f i c i e n t  Cp i n  equat ion  (51)  can have a non l i nea r  v a r i a t i o n  w i t h  
advance r a t  i o .  
However, t h e  s teady-s ta te  
Es t ima t ion  o f  Phase Angle 
W i t h  c y c l i c  c o n t r o l  t h e  b lade has a v a r i a t i o n  o f  ang le  o f  a t t a c k  d u r i n g  a 
c y c l e  or blade r e v o l u t i o n  and t h e  b lade l i f t  b u i l d s  up and decreases i n  a har -  
monic fashion and appears as unsteady mot ion.  
c i r c u l a t i o n  increases,  and a s t a r t i n g  v o r t e x  i s  shed which induces a downwash 
and changes t h e  bu i l d -up  o f  c i r c u l a t i o n .  
t h e  l i f t  c y c l e  t o  be ou t  o f  phase w i t h  the  ang le  o f  a t t a c k  cyc le .  An approx i -  
mat ion  f o r  t h e  p r o p e l l e r  phase ang le  can be ob ta ined from an analogous wing 
unsteady s o l u t i o n .  I n  re fe rence 4 an equat ion  i s  presented which g i ves  t h e  
phase angle l a g  o f  f o rces  and moments due t o  harmonic p i t c h i n g  o f  a wing about 
t h e  quar te r -chord  l i n e ,  g iven  by 
As ang le  o f  a t t a c k  increases,  
I n  genera l ,  unsteady mot ion  causes 
Y = 0.825 tan-'  2.027k 
Ph 
- bWpi t c h  k -  
' "e f f  
where the  phase ang le  i s  a lmost  independent of  aspect  r a t i o .  
k i s  t h e  reduced frequency, b i s  t h e  s e c t i o n  chord, and u p i t c h  i s  p i t c h i n g  
1 r o t a t i o n ,  then 
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I n  equat ion  (61)  I 
angu lar  v e l o c i t y .  For t h e  c y c l i c - c o n t r o l  b lade t h e  p i t c h i n g  i s  a t  t h e  b lade I 
The e f f e c t i v e  v e l o c i t y  t h e  blade senses i s  VR as shown below, i n  which s l i p -  
stream r o t a t i o n  i s  taken i n t o  account. 
Then f o r  t h e  s i n g l e  p r o p e l l e r  o r  r o t o r  
v + v  
2mr - v tan+  
2 2 1/2 
V = [ ( Z m r  - v tan+)  + (V + v )  1 , tan4  = R 
S o l v i n g  t h e  second equa t ion  f o r  vtan$, r e s u l t s  i n  
v tan+  = mr - [ ( m r ) '  - ( V  + v ) v ]  1 /2 
then  w i t h  J = V/nD, p = r / R ,  V R  i n  nondimensional form becomes 
- - 1 r2 p 2  + J ( J  + a) + a p [ l  vR nD - {2 4 nD nD V v v 1 /2  p 2  - ( J  + -)-] 
From momentum t h e o r y  
(64)  
where T i s  t h e  t i p - l o s s  c o r r e c t i o n ,  f o r  which approximat ions developed by L. 
P r a n d t l  a r e  g iven i n  re fe rences  7 and 8. A m o d i f i c a t i o n  o f  P r a n d t l ' s  c o r r e c t i o n  
i s  
V J + -  nD 
B -  nD 
s i n  +o 
B vR 
T = l -  
which can be eva lua ted  by i t e r a t i o n  w i t h  equations (65) and (64)  f o r  p = 3/4. 
Equat ion  (65 )  i n s e r t e d  i n t o  (64) ,  w i t h  p = 3/4, f o r  a s i n g l e  r o t o r ,  i s  
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/ f67 ) 
128C 8C 
2 9Tr T 9iT 
To 1/2 85 2 To 1/27 1 ) + - - [ J + ( J  +-+ J 
iTT 
2 
For c o u n t e r - r o t a t i n g  r o t o r s ,  which a r e  near  each o t h e r  a long t h e  a x i s ,  w i s  
approx imate ly  zero.  L e t t i n g  t h e  v tan4 terms be zero i n  equat ion  ( 6 3 ) ,  then 
v + v  tan$ = 
and VR w i t h  p = 3/4, us ing  equat ion  (65) ,  i s  
32CT 8C 
O + - J [ J + ( J  8 2 To 112 
] 
iTT 
2 9iT3T2 9iT 
where C T ~  i s  t h e  t h r u s t  c o e f ? i c i e n t  o f  one o f  t h e  two c o u n t e r - r o t a t i n g  r o t o r s ,  
o r  one-hal f  o f  t h e  CTo o f  t h e  t o t a l  p r o p e l l e r .  
t h e  reduced frequency i s  
From equat ions (61) and (62) ,  
b3/4 u 4 b3/4 IT -- 
ba v 
4 'R 
3~ nD 3' nD 
B - -  nnb - 3 D - k = - - -  - 
'R 4 'R - -  - - -  
where B i s  t h e  number o f  b lades on each r o t o r ,  and u i s  t h e  e f f e c t i v e  s o l i d i t y  
o f  each r o t o r ,  d e f i n e d  i n  t h e  r e l a t i o n  
b 4B av 
3 ~ r  D 
0 = - -  
The phase ang le  f rom equat ion  (60) ,  w i t h  equat ion  (70) ,  i s  
b3/4 0 
b, V 
6.368 -- B 
Y = 0.825 tan- '  
4 'R 
3 ~ r  nD 
-- 
Ph 
where t h e  denominator i n  t h e  a r c  tangent  f u n c t i o n  i s  g i v e n  i n  equat ion  (67)  f o r  
t h e  s i n g l e  r o t o r ,  and g i v e n  i n  e q u a t i o n  (69)  f o r  each o f  t h e  c o u n t e r r o t a t i n g  
r o t o r s .  
t h e  b lade ang le  v a r i a t i o n .  
mum b lade angle.  
t h e  c y c l i c - c o n t r o l  forces and moments, i s  g i v e n  i n  equat ion  ( 1 ) .  
equat ion  (1 ) , f o r  c o u n t e r - r o t a t i n g  r o t o r s ,  t h e  c l o c k w i s e  r o t a t i o n  r o t o r  has , 
The phase angle i s  t h e  azimuth ang le  l a g  which t h r u s t  and t o r q u e  l a g  
Thus, maximum t h r u s t  occurs an ang le  V'ph a f t e r  maxi-  
The bas ic  az imuth angle,  y o ,  which governs t h e  components o f  
By u s i n g  
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while the counterclockwise rotat ion rotor  has , 
+ 'con, '0 ph + 'ax 
The Y o  angle can be made the same for  the counter- 
rotat ing propeller by using a different  control angle, \ycon, on each rotor. 
Since the variation of vR/nD with thrust coefficient i s  small, the phase 
angle will change l i t t l e  w i t h  thrust. The V R  velocity increases moderately 
with advance r a t i o ,  then the phase angle will decrease as J increases. A t  
s t a t i c  conditions, J = 0,  the phase angle will s l i gh t ly  increase with thrust 
increase fo r  the s ing le  ro tor ,  and  decrease with thrust  increase for each of 
the counterrotating rotors .  
= '  
= -' p h + Yax + Ycon.  
This derivation of  phase angle i s  based on the wing, or blade, w i t h  non- 
separated flow. I f  the cyclic-blade pitching is  made a b o u t  the s t a l l  ck of 
the blade, then i t  i s  operating in a cg - a hysteresis loop i n  which the a i r  
adds energy t o  the blade. Then the phase angle i s  approximately given by a 
negative value of equation (72)  when k < 0.3, as shown by an experimental 
example in reference 9. 
CY C L I C - CO NT ROL CO MP AR I SON S 0 F TH EO RY W I T H E X P E R I ME NT 
AND EVALUATION OF EXTRA POWER 
The cycl ic-control theoretical  r e su l t s  o f  equations (40) t h r o u g h  (43) , 
and (50),  (52),  (55),  and (59),  a r e  based on knowing the steady-state values 
of t h rus t ,  th rus t  l inear  with advance r a t i o ,  and power coeff ic ients .  
steady s t a t e  re fers  t o  the condition t h a t  maximum cyclic-blade angle i s  zero, 
y = 0,  and CT,  Cf, and Cp versus J for  the given propeller a re  obtained from 
available propeller chart  data ,  o r  from a favored propeller theory. 
imate steady-state prediction method from reference 4,  for estimating thrust  
and  power coeff ic ients  and t h e i r  derivatives,  i s  fur ther  developed and pre- 
sented i n  appendix B. The experimental study reported in  reference 1 contains 
propeller cyclic-control experimental data and steady-state data for  J = 0. 
The objectives are  t o  show an example usage of  the theory, cor re la te  w i t h  
experiment, and develop relat ions for  extra power due t o  cyclic control.  
cyclic-control power i s  the ideal power plus extra power where extra i s  t h a t  




Comparison of Theory with Experiment 
When the cyclic-blade angle y i s  small, then the terms yn fo r  n > 2 
a r e  negligible.  Then equations (40)  through (43) for  the sinusoidal cycle, 
f ( y  - Y O )  = cos(' - Y O ) ,  simplify to  
25 
ideal 
P P I 
1 '  
-I- (-) ]cos Y o  L Y  LN 1 1 cP cot Y o  = - - [- -
cP cP 2 R  P p  cp PP 
=  - -  
(75) 
In the experiment, all the quantities on the left side of equations (73) 
through (76) are measured at the condition of J = 0. 
that is, Y = 0, thrust and power coefficient are measured at J = 0. 
section the experimental steady-state values of CT and Cp are used to determine 
the thrust and power derivatives. Using these derivatives, the theoretical 
values of cyclic-control forces, moments, change in thrust, and change in power, 
are determined from equations (73) through (76), and compared with measured 
Val ues. 
Also the steady state, 
In this 
Cyclic-control moment and change in thrust. - The experiment values of CT 
were measured at J = 0. For the cyclic-control theory a relation between CT 
and CT is that in equation (B18) of appendix B. Since both aCT/aJ and JOT in 
equation (B18) are functions of B o ,  then the Cp derivatives are obtainable. 
approximate CT - CT relation is given in equation (BlO), and Cg derivatives in 
terms of CT derivatives are given in equations (B19) through (B22). 
derivatives are applicable for the J = 0, CT measurements. 
An 
These 
The geometric characteristics of the propeller used in the test are as 
follows: 
1 J = 0, K = .9, 6 ,  = .015, B~ = 17", do = .025 (77 1 
eT = .343, ep = .634, JOT = 2.246 tan B, J 
where u ,  ~ 1 ,  do, e 
(B3), (B4), and (BEj, respectively. 
static steady-state thrust data, leads to the relationship 
ep, and JOT are determined from equations (71), (54), (B9), 
Curve fitting a function for the experimental 
CT = ,296 sin(2B + 3") (78) 
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then the derivatives w i t h  respect t o  B are  
'TI - 2 
cT 
- -  
t a n ( 2 ~  + 3") 
II 
- -  - -4 cT 
cT 
(79) 
An approximation of the P p  function i s  given i n  equation (53).  The der i -  
vative w i t h  respect t o  bo i s  
I 
P T  = PTo kT cOs(Bo - B1 (81 1 
For typical propellers 
W i t h  the  values of equation (77) ,  and w i t h  equations (53) ,  (81),  and (82),  
equations (73) and (75) become 
- 'T - C T "  
'T 
- -  - ACT - Tav 
2 2 
'T 'T 
1 / 2  
'm 
Y= c cos Y o  6 T 
cos($o - 1 7 0 4  
where C * I / C T ,  and C~- ' ' /CT,  from equations (B19) and (B20), w i t h  equations (;9) 
and (80'f, are  
I I 
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where from equations (BlZ), (BZl), and ( B Z Z ) ,  ET and derivatives a re  
cT AcT/Y 2 cT -Cmy/CTcOS Y o  
eq. experi- eq. experi- eq * 
BO 
deg (78) ment (83 1 (84) ment 
10 .0963 .092 - .213 1.438 1.33 
12 .1156 .112 - .493 1.222 1 . 2 2  
14 .1344 .134 - .708 1.066 1.03 
16 .1525 .153 - .808 .946 .93 
18 .1698 .172 -1.024 .849 .85 
20 .1863 .188 -1.168 .7 67 .78 
22 .2019 .203 -1.256 .696 .72 
24 .2164 .216 -1,350 .632 .66 
ET' 1.1030 (cos 26, + .1875 s in  48,) (88) 
I1 
ET = 2.2059 (.375 cos 48, - sin 28,) (89)  
The values determined from equations (78) ,  (83) ,  and (84) ,  a re  compared 
w i t h  experiment fo r  given values of blade angle, as follows: 
I I I I 
As shown i n  these r e su l t s ,  the CT of equation (78) duplicates CT of the experi- 
ment qui te  accurately. For y not large,  the theoretical  thrust loss  is  negli-  
g ib le  a t  small B ,  b u t  w i t h  greater  loss a t  large blade angles. In the experi- 
ment the thrust has a s l i gh t  loss  only a t  the higher 6 angle. 
moment coefficients correlate  within the accuracy o f  the  measurements. 
The pitching 
Cyclic-control force and ideal change i n  power. - Development o f  an analy- 
t i c a l  function f o r  a curve f i t t i n g  the experimental s t a t i c  steady-state propeller 
power data ,  leads to  the relationship 
~ 
28 1 
t a n 2  ( B  + 110) 
3 Cp = ,292 cos g 
then t h e  d e r i v a t i v e s  w i t h  r e s p e c t  t o  g a r e  
I 
r 
where B = 6, - 2". 
The f u n c t i o n  1/Pp i s  needed i n  equat ion  (76) .  An approx imat ion  o f  1/Pp 
i s  g i v e n  i n  equat ion  (57) .  The d e r i v a t i v e  w i t h  r e s p e c t  t o  Bo i s  
B 1 )  
1 ' kP = - cos (Bo  - 
P P  PPO 
(-) (93)  
For  t y p i c a l  p rope l  1 e r s  
Wi th  t h e  p r o p e l l e r  va lues l i s t e d  i n  equat ion  (77) ,  and w i t h  equat ions (57) ,  (93) ,  
and (94) ,  equat ions (74)  and (76)  become 










I .243 cos [1 - .243 s i n  ( B ~  - 17") ]  - - --- - cP 




( B o  - 1701, 1 
where C p y  C p l ,  and C P l 1  a r e  g i v e n  i n  equat ions (go) ,  (91) ,  and (92) ,  r e s p e c t i v e l y .  
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The values determined from equations ( g o ) ,  (95) ,  and (96) a re  compared 




















eq. experi- eq. experi- 
(90)  ment (95) ment 
.0357 .036 8.574 16.1 
.0451 .046 8.039 13.3 
.0563 .057 7.704 11.6 
.0695 .070 7.515 9.8 
.0853 .084 7.439 10.7 
,1043 .lo2 7.454 9.7 
.1270 .127 7.547 10.5 









I t  can be seen tha t  the C, of equation (90) duplicates Cp of the experiment 
The predicted change i n  power 
quite accurately. The experimental data of side force coef f ic ien t  i s  somewhat 
e r r a t i c ,  however, the predictions show a correlat ion w i t h  experiment of magni- 
tude and that Cyy/C, decreases with increasing p. 
due  t o  cyclic control i s  the ideal change i n  power, analogous t o  induced drag. 
The obviously higher measured change i n  power includes the ideal power change, 
plus extra or  additional power expenditures. This extra power includes power 
required effects  peculiar t o  cycle control b u t  nonexistent i n  s teady-state 
operation. Extra power charac te r i s t ics  a re  investigated i n  a subsequent section. 
1.17 







Extra Power Changes Due t o  Cyclic Control 
Extra power changes include energies due t o  a vibratory swirl of the 
slipstream, angled slipstream, pitching a i r f o i l  of the propeller blades, and 
vibratory structural  damping. An estimate of these extra  power expenditures 
can be made without excessive complication. 
Vibratory swirl of the slipstream. - For the steady-state propeller,  part  
of the power i s  used t o  swirl o r  ro t a t e  the slipstream, and this par t  equals the 
time r a t e  of change of the kinet ic  energy of the slipstream rotat ion.  Similarly,  
the cyclic-control propeller swirls the slipstream i n  one direct ion,  then rever- 
ses the swirl d u r i n g  the other half of the  cycle,  or  r e su l t s  i n  a vibratory 
frequency equal t o  the propeller revolutions per second. T h u s  the cyclic-control 
propeller leaves vibratory swirl kinet ic  energy i n  the sl ipstream w h i c h  the 
steady-state propeller does not.  
slipstream i s  
This kinet ic  energy per u n i t  length o f  the 
K . E .  - 1 I 
R 2 a  
- _ -  - 2  
ysw 
where the moment o f  i ne r t i a  per unit length of a c i r cu la r  column of a i r  i s  given 
by 
4 2 I - mass R = 
E E 2 2 p a R  
- - - -  
and i,, i s  the swirl a n g u l a r  velocity. 
then ySw.= -ySw w sin u t .  
integration of !zSw, o r  
W i t h  cyclic control,  YSW = YSWO cos u t ,  
The kinetic energy i n  a complete revolution i s  the 
2 2 2  T I  2 2 w sin Ydyr = --a Y - _ _ _  K * E *  R - J o  yswo 2 a  swo 
where Y ~ W O  i s  the maximum swirl angle due t o  y. 
energy per u n i t  length times the velocity increase th rough  the propeller d i sc ,  
then with the I / a  expression and since w = 2 ~ n  
The swirl power i s  the kinetic 
or  
- IT4 2 v cp - - Y  16  swo % sw (97)  
where v i s  the average velocity increase t h r o u g h  the propeller disc .  
simple momentum theory, for  example, reference 7 ,  p .  188, the inflow velocity 
in terms o f  C p  i s  obtained by the solution of a cubic equation, then 
From 
3 23 Cp 
( 27a 
3 2 
+ *’ ‘P ‘P 1/2 1/3 J3  ‘P +-) 3 + [ - + - -  -2 J3  ‘P - -  v -  - - J + [- + - + (- 
nD 3 27 l~ 271~ IT2 27 l~ 
J = 0 2Cp 1/3 ‘PL 1 / 2  1/3 - -+ 1 ($ 
T 
(98) 
Similarly,  the maximum swirl angle can be estimated from momentum theory. Then 
2CT p = 2/3 9CT 
3 
- __ 1 
2 swo 2 swo 
- (1 - - Y  )(h ) = 32 
21T T P  
0 
where here CT = CT(f30 + y )  - C p ( f i 0 ) .  
t ion (B l ) ,  then 
This CT can be approximated by using equa- 
- . 9eT ysw0 - -  ( 2 . 2  C O S ~ ~  + J singo)y 
T 
( 9 9 )  
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With equation (99),  the power expended for vibratory swirling the slipstream, 
equation (97) , becomes 
where v/nD is given in equation (98), and eT in equation (B3). 
equation (1 00) simp1 ifies to 
For J = 0, 






Angled slipstream. - When the cyclic-blade angle is applied for pitching, a 
The reaction to this side force produces a slipstream side force is developed. 
angle opposing the side force. This slipstream angle, represented by E ~ ,  equals 
P P 
-1 LY - LY 
E =tan 
Y ‘T ‘T 
or for an arbitrary angle of yo, and using equation (7) 
(102) 1 E. = - (Cy COSY, - C,,, sinv ) = ‘T 0 CTCOSY0 
Because of the conservation of momentum, due to slipstream constriction the 
sl  ipstream velocity increases approximately as 
I, 
, where V = V t v jo 
V 
V.(E ) 
jo Y J Y COS E 
From momentum theory 
n n 
L L P = 2 r R  paVjo (Vjo - V) 
11 2 
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The r a t i o  g i ves  
- V C O S E  ( 1  - COSE )J  C 
Y 1  - -  V - 1 ( " j o  - v  Y) = 3 [l - 
PE 
cP cos 3 E " j o  - nD cos E: Y Y 
w i t h  equat ion  (102) 
= ( 1 + t  3 cos E 
Y 
ZE )3/2 2 1 + - 3 ( ) 2  Y 2 CT COSYo 
Wi th  these r e l a t i o n s ,  t h e  change i n  power c o e f f i c i e n t ,  Cp, - 5 , i s  t h e  angled 
s l i p s t r e a m  power c o e f f i c i e n t ,  g iven  by 
P r 
where v/nD i s  g i ven  i n  equat ion  (98) .  
f r a c t i o n a l  power inc rease due t o  t h e  ang l i ng  o f  t h e  s l i p s t r e a m  due t o  c y c l i c  
ang le  y. It can be noted t h a t  f o r  t h e  c o u n t e r r o t a t i n g  p r o p e l l e r  i f  one r o t o r  
operates a t  y o ,  and t h e  o t h e r  r o t o r  a t  T - YO, then  by equat ion  (82)  t h e  n e t  
Cy i s  zero.  
E i s  zero.  
Equat ion (103) i s  an es t imate  o f  t h e  
Thus from equat ion  (103), Cpang i s  zero,  and from equat ion  (102) ,  
Y 
P i t c h i n g  a i r f o i l  o f  t h e  p r o p e l l e r  blades. - Energy i s  impar ted t o  t h e  
a i r s t r e a m  due t o  f o r c e d  p i t c h i n g  o f  an a i r f o i l .  
u n i t  t ime i s  g i ven  i n  re ference 9, page 169. 
power due t o  b lade p i t c h i n g  i s  
An es t imate  o f  t h i s  energy per  
For p i t c h i n g  a i r f o i l  b lades, t h e  
where i n  c o e f f i c i e n t  form i s  
cP bav 4 B ,L2 4  
Y 
where bav/D i s  r e l a t e d  w i t h  e f f e c t i v e  s o l i d i t y  i n  equat ion  (71) .  
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Vibratory s t ructural  damping. - The power absorbed i n  s t ructural  damping 
The power expendi- 
in a propeller i s  small, b u t  can be larger  for  the less  r ig id  helicopter blade. 
Structural damping i s  discussed i n  reference 9, page 227.  
tu re  for damping, due t o  pitching, i s  approximated as 
where I, i s  the moment of  i ne r t i a  o f  t h e  blade, wa i s  the natici-al angtilar 
frequency of the blade, and ga  i s  the damping coeff ic ient  which i s  a f ract ion 
of the e l a s t i c  coeff ic ients .  
tude of motion,and power could probably be bet ter  represented as proportional 
t o  y3. 
Empirically, g, i s  found t o  depend on the ampli- 
The moment of iner t ia  of a blade i s  approximately 
2 4  t ( 1  + t ) b  D W T  1 = -  a 128 'b 
where p b  i s  the blade density,  t i s  maximum thickness t o  chord r a t i o ,  b i s  
blade chord, and D i s  propeller diameter. Then the s t ructural  damping power 
coefficient i s  
where pb/pa i s  the r a t io  of blade density t o  a i r  density. 
Total Power Comparisons of Theory with Experiment 
T h e  to ta l  power i s  the sum of the ideal and the four extra power require- 
The t e s t  propeller character- ments of the cyclic-control propeller or  ro tor .  
i s t i c s  are l i s t e d  i n  equation ( 7 7 ) .  
density r a t io ,  natural angular frequency of the blade, blade damping coef f ic ien t ,  
and thickness r a t i o  are 
I n  addition, estimates of the blade 
, 
w (p)' 4000 
- P b  2200 
'a 
t = .09 
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which approximate t h a t  of an aluminum blade w i t h  t i p  speed of about .8 Mach 
number. 
t o  10-2. 
t o  be one percent t h a t  of a wing .  
f i c i e n t  changes due t o  cyclic-control a r e  compared i n  the following table:  
The damping coefficient of a wing i s  typ ica l ly  of the order ga = 10-3 
The propeller blade i s  much more r igid than a w i n g  and ga is  assumed 
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The proportion of power expenditure due t o  vibratory-swirl i s  r e l a t ive ly  
large and i t  appears this could be reduced by synchronized counterrotating 










COUNTERROTATING PROPELLERS AND OTHER CONFIGURATIONS FOR 
ISOLATING CYCLIC-CONTROL FORCES AND MOMENTS 
In any control system i t  i s  desirable to i n i t i a t e  a given force or moment 
without other accompanying forces and moments. For example, t o  i n i t i a t e  pitch- 
i n g  moment w i t h o u t  side force or thrust change, t ha t  i s ,  t o  i s o l a t e  pitching 
moment from the other control forces and moments. 
a moment and a force and neither can be isolated.  
As shown here schematically, a posit ive y a p p l i e d  
t o  gain p i t c h i n g ,  a l so  gains a side force. The 
s ide  force  comes from the reaction t o  the 
increased torque on the blade when the blade 
i s  a t  a B~ + y angle a t  Y = IT. The + sign 
indicates a posi t ive moment where y maximizes 
the blade angle. 
cannot be i so la ted ,  can be seen analytically i n  equations (75) and (76).  
any value of  azimuth angle i n  these equations, there will be a force and moment 
propeller rotat ion 
A s ingle  propel ler  w i t h  cycl ic-  control generates -. 
- a f t  view of 
propel 1 er  
d i sc  
M y  moment, y a t  Y = TT 
si de 
force 
T h i s  s ingle propeller e f fec t ,  of forces  and moments which 
For 
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combination. However, the counterrotating propeller has unique cyclic-control 
qual i t ies  of isolat ing control forces and moments, and i n  addition, ro l l ing  
moment control, t h a t  i s ,  moments about the axis .  Multi-propellers, in- l ine,  
can also i so l a t e  forces and moments. 
I 
Cyclic-control analysis.  - The analysis developed f o r  the s ingle  propeller 
can be applied t o  the counterrotating propeller by taking in to  account the azi-  
m u t h  angle for  control. From equation ( 1 )  i t  can be seen tha t  the azimuth con- 
t ro l  angle i s  l inear ly  proportional t o  y o ,  hence, yo will be used as  a displaced 
control angle. 
= C O S ( Y  - y o ) ,  for  the s ingle  propeller a re  given i n  equations (73) through 
(76) .  For the counterrotating propeller l e t  subscript  1 re fe r  t o  the rotor  
w i t h  clockwise rotat ion,  a n d  subscript  2 t o  the rotor w i t h  counterclockwise 
rotation. Then equation (73) applied t o  each of the two rotors  becomes 
The cyclic-control solutions w i t h  sinusoidal cycle, f ( Y  - Y O )  
Counterrotating Propeller 
Two blades of the counterrotating propeller w i t h  cyclic-control,  a t  two 
different  operating modes, a r e  shown i n  a f t  view as follows: 
%. counterrotati  ng  <. 
direction of propeller ~ 
rotation 
+ Y  
I 
In the l e f t  drawing, w i t h  a plus cyclic-angle yon  one blade and a negative 
angle y on the counterrotating blade, the moments cancel, while the reaction 
forces add and provide a net t ranslat ion force. 
angle y on b o t h  the downgoing blade and the counterrotating blade r e su l t s  i n  a 
cancellation of forces and the moments add t o  provide a net moment on the 
propeller plane. Since azimuth angle Y i s  n o t  specified i n  th i s  example, then 
the results apply a t  any azimuth angle, hence w i t h  an azimuth control angle, 
forces and moments can be controlled singularly o r  j o in t ly  in any direct ion 
i n  the propeller plane. Thus the cyclic-control counterrotating propeller has 
a built- in capabi l i ty  o f  isolat ing a l l  forces and moments or combinations, 
without the need of propeller t i l t  or  of net thrust changes. 
drawing can be considered as  a rotor  i n  a horizontal plane, t ha t  i s ,  helicopter 
mode, then the cycl ic-control force becomes a direction-control lab le  propulsive 
force while the rotor  remains horizontal ,  or  unt i l ted.  
the roll ing moment, tha t  i s ,  a moment about the propeller axis  or  sha f t ,  i s  
equal to  a torque d i f fe ren t ia l  made by a blade angle difference between the 
two rotors.  
I n  the r i g h t  drawing, a plus 
The above l e f t  
For t h i s  configuration 
Adding these two equations 
1 2 
'Tav - 'T = 4 ( Y 1  'T 
For equal and equal operat 
* I  I * I  I * 
= CT 'T1 = 'T2 
Then 
gives 
* I  I 2 * I 1 )  
+ y2 'T2 
ng clockwise and counterclockw 
I 
I2 
* '  1 
r 
(107 
se rotating rotors  
where these thrust coeff ic ients  and derivatives are  of the counterrotating pro- 
pel ler .  Similarly,  fo r  the power change 
2 + Y 2  C P 2 ' I )  (Cp  - Cp) = 4 ( Y ,  Cp1 
1 2 
av ideal 
c - cp 
'a v 
c P  ideal 
1 ( 
When Y 1  = Y 2  = Y ,  equations (108) and (110) become the same equations as  those 
for the s ing le  propeller. 
From equations (75) and (76) ,  define K's  as  
PT*l 
K, = 4 1 (PT* 
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Then adding 
Simi 1 arly,  then 
W i t h  the same procedure, using equation (76)  
where the negative signs of  the second terms are  because the torque reaction 
force of counterclockwise r o t a t i o n  i s  i n  opposite direction t o  tha t  with clock- 
wise r o t a t i o n .  For equal and equal operating clockwise and counterclockwise 
rotation rotors 
(117)  J - = cp/2 cT1  cT2 = cT/2Y cPl = cP2 KYl - KY2 = KY K m ~  - K m ~  - Km¶ - - - 
then equations (113) t h r o u g h  ( 1 1 6 )  become 
” =  c 1  -- K (Y sinyOl + y2sinyo2) 
2 m l  cT 
For isolat ing the forces from the moments, the terms within the parenthesis 
of equations (118) and ( 1 1 9 ) ,  must be zero. Then 
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Equat ing these two equat ions,  yo2 can be evaluated as 
S i m i l a r l y ,  f o r  i s o l a t i n g  t h e  moments from t h e  fo rces ,  t h e  values w i t h i n  t h e  
parentheses of  equat ions  (120) and (121) must be zero.  The s o l u t i o n  g i ves  
then y2 = y1 - yo2 - yo l  , 
Thus, when t h e  c y c l i c - b l a d e  ang le  magnitude i s  t h e  same on b o t h  r o t o r s ,  t h e  
c y c l i c - c o n t r o l  f o rces  and moments can be i s o l a t e d  w i t h  a c o u n t e r r o t a t i n g  p ro -  
p e l l e r  by t h e  azimuth c o n t r o l  ang le  on each r o t o r .  
(118) th rough (121) become 
With ~1 = ~2 = Y, equat ions 
‘n = -- 1 K (sinyOl + sinYo2) 
2 m  
2 = -- I K (cosyol - ~ 0 s ~ ~ ~ )  
2 Y  cP 
2 cN = 7 1 Ky(sinyol - s inuo2)  
cP 
where ~ 0 1  i s  t h e  YO o f  t h e  r o t o r  w i t h  c lockwise r o t a t i o n ,  and yo2 i s  t h e  YO o f  
t h e  r o t o r  w i t h  counterc lockwise  r o t a t i o n .  
and (112) .  
The K ’ s  a r e  g i v e n  i n  equat ions  (111) 
The r o l l i n g  moment c o e f f i c i e n t  about the  p r o p e l l e r  a x i s  o r  s h a f t  i s  
where t h e  b l a d e  ang le  o f  r o t o r  1 i s  increased by t h e  ang le  Y1, and of  r o t o r  2 
decreased by Y2, where L i s  t h e  r o l l i n g  moment, and t h e  parentheses rep resen t  
f u n c t i o n a l  parameters o f  t h e  power c o e f f i c i e n t .  Equat ion (128) i s  t h e  change i n  
to rque  between one r o t o r  and t h e  o t h e r ,  then 
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which with C p l  = Cp2 = Cp/2  fo r  equal rotors ,  leads to  equation ( 1 2 8 ) .  I 
Equations (124) through ( 1 2 7 )  a r e  such tha t  any arb i t ra ry  control force,  
moment, or combination can be in i t i a t ed  by the azimuth angle control of yo1 and 
yo2. For the case of isolated moments, "02 = "01, then 
Cm Cn 
cy = C N  = 0, Y = -I(,C0SYo1 Y Y =  -K,s i n  viol 
cT cT 
( 1  29) 
The resultant moment is I 
( C m  2 + cn 2 ) 1 / 2  
Y - Y= 
= l$,, a t  ymn - yO1 
'mn Y 
cT cT 
where ymn i s  from tan",, = Cny/Cmv. 
and normal t o  the propeller disc  a t  azimuth angle Y o 1 .  For the case of 
isolated forces, yo2  = IT + yo1, then from equations ( 1 2 4 )  through (127) 
This resul tant  moment i s  acting forward 
- -  - K sinvlOl (101) cNY 
- -KyCOSYO1,  cP Y 
cyY c = c n = o ,  - -  
m cP 
The resultant force i s  I 
i s  from tan '+'YN = Q Y / C y Y .  This resu l tan t  force i s  acting rad ia l ly  
where outward y y B  rom the shaf t  a t  azimuth angle ~ Y N .  T h u s  to  i so l a t e  moments, y o 2  i s  
s e t  equal to y ~ l ,  and to  i so la te  forces,  y02 i s  s e t  equal t o  IT + yOl, and 
yo1 i s  controllable through the "con control angle i n  equation ( 1 ) .  
equations (108) and (110) of the change i n  thrust and power, equations (124) 
t h r o u g h  ( 1 2 7 )  of cycl ic-control forces and moments equation (128) of ro l l  i n g  
moment by blade angle d i f f e ren t i a l ,  and equations (130) and (132) of isolated 
cyclic-control moment and force. The Km and Ky functions a re  given i n  equations 
(111) and (112). The extra power required i n  cyclic-control operation, approxi- 
mated in equations ( l o o ) ,  (103), (104), and (105),  apply also t o  the counter- 
rotating propeller, except for  the isolated moment condition. 
the vibratory swirl from the two rotors cancel each other and equation (100) i s  
assumed zero. 
(103), angled slipstream power, becomes zero. 
The cycl ic-control analysis fo r  the counterrotating propeller include 
For this condition 
I n  the isolated moment condition, Cy = C N  = 0 ,  then equation 
Since force along the propeller 
a x i s ,  t h a t  i s ,  t h r u s t ,  i s  s imp ly  c o n t r o l l e d  by s t e a d y - s t a t e  b lade angle, then 
s i x  degrees o f  freedom a r e  c o n t r o l l a b l e  w i t h  a c y c l i c - c o n t r o l  c o u n t e r r o t a t i n g  
p r o p e l  1 e r .  
Unique c y c l i c - c o n t r o l  c h a r a c t e r i s t i c s .  - The c o u n t e r r o t a t i n g  p r o p e l l e r  
c a p a b i l  i t y  f o r  i s o l a t i n g  s i x  c o n t r o l  forces and moments i s  p a r t i c u l a r l y  i d e a l  
f o r  l a r g e  l i f t i n g - c r a n e  t y p e  v e h i c l e s ,  f o r  a i r s h i p  and submarine c o n t r o l  , and 
f o r  t i l t  r o t o r s .  The l i f t i n g - c r a n e  h e l i c o p t e r  can be made t o  generate a pro-  
p u l s i v e  f o r c e  i n  any h o r i z o n t a l  d i r e c t i o n  by i s o l a t i n g  t h e  s i d e  and normal 
fo rces ,  done w i t h o u t  t i l t i n g  t h e  r o t o r .  For  hover ing,  t h e  s i x  degree o f  freedom 
d i r e c t  c o n t r o l  can be main ta ined w i t h o u t  any movement o f  t h e  a i r c r a f t ,  making 
i t  an e x c e p t i o n a l l y  s t a b l e  p l a t f o r m .  For the  same reasons, a c y c l i c - c o n t r o l  
c o u n t e r r o t a t i n g  p r o p e l l e r ,  c o n c e n t r i c  a t  t h e  t a i l  o f  an a i r s h i p  o r  submarine, 
can c o n t r o l  t h e  hover of  these v e h i c l e s  w i t h o u t  v e h i c l e  movement, o r  a t  fo rward  
v e l o c i t i e s  can p r o v i d e  s i x  degree o f  freedom d i r e c t  c o n t r o l .  
M u l t i p r o p e l l e r s  I n  L i n e  
S i n g l e  r o t a t i o n  p r o p e l l e r s  when i n  l i n e  as on a p l a n a r  wing, can be 
operated so t h a t  some o r  a l l  t h e  c o n t r o l  forces and moments can be i s o l a t e d .  
Examinat ion o f  c o n t r o l  f o r c e s  and moments can be made f rom drawings o f  t h e  
p r o p e l l e r  d i s c ,  represented by a c i r c l e  d e p i c t i n g  an a f t  v iew o f  t h e  d i s c .  
curved arrow on top  o f  t h e  d i s c  i n d i c a t e s  the d i r e c t i o n  o f  p r o p e l l e r  r o t a t i o n ,  
t h e  s t r a i g h t  arrow i n d i c a t e s  c o n t r o l  f o r c e ,  t h e  + s i g n  shows p o s i t i o n  o f  c y c l i c -  
ang le  y, and t h e  c o n t r o l  moment a c t s  o u t  o f  t h e  page a t  azimuth ang le  p o s i t i o n  
denoted by +. 
The 
Resu l ts  f o r  two p r o p e l l e r s  i n  l i n e  a r e  as f o l l o w s :  
1 2 
t o  i s o l a t e  
p i t c h i n g :  
w i t h  equal 
a r e  cancel  
y, s i d e  f o r c e s  
ed. 
yawing and 
r o l l  i n g :  cannot be i s o l a t e d .  
normal 
f o r c e :  w i t h  equal y, yawing and 
r o l l i n g  a r e  c a n c e l l e d  
s i d e  
fo rce :  w i t h  equal y, p i t c h i n g  i s  
cancel  1 ed 
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Hence, f o r  two propellers,  a l l  control forces and moments can be isolated except 
yawing from ro l l ing .  
Results fo r  three propellers in l i n e ,  are 
1 2 3 
- 
t o  i so la te  
pitching: with y2 = ' y 1  + -y3, y1 - y3, 
side force and yawing cancel 
with y2 = y1 + y3,  y1 - y3 
normal force and rol l ing 
cancel 
with y2 = 0 ,  y1 - y3 
normal force and  yawing 
cancel 
- yawing: 
- ro l l ing :  
side 
force: with y2 = y1 + y3 
pi tchi ng i s cancel 1 ed 
With three propellers,  propeller rotation given by the sense 
can also i so la te  control forces and moments, however, the relationship between, 
Y 1  , Y 2 , Y 3  fo r  isolat ing ro l l ing ,  becomes complicated; a l so ,  the yawing a b i l i t y  
i s  weak since i t  would be only t h a t  due t o  the center propeller moment arm off-  
s e t .  
Results for  four propellers in l i n e ,  a re  
to isolate  
pitching: 
yawing: 
r o l l  i ng : 
normal 
f o r c e :  
s i d e  
f o r c e :  
Wi th  f o u r  i n  l i n e  p r o p e l l e r s ,  t h e  r o t a t i o n  sequence, q p , of 
t h e  group on t h e  l e f t  i s  p r e f e r r e d  because the i s o l a t e d  yawing moment magnitude 
i s  t w i c e  t h a t  ob ta ined from t h e  r o t a t i o n  o f  t h e  group on t h e  r i g h t .  The o t h e r  
i s o l a t e d  c o n t r o l  f o r c e s  and moments a r e  t h e  same i n  e i t h e r  group. 
I n  a l l  o f  t h e  above c o n f i g u r a t i o n s ,  an o p p o s i t e  p r o p e l l e r  r o t a t i o n  leads 
t o  t h e  same r e s u l t ,  except  t h e  d i r e c t i o n s  of t h e  s t r a i g h t  arrows a r e  oppos i te ,  
l e a d i n g  t o  some s i g n  changes i n  t h e  f o r c e s  and moments. It can be noted t h a t  
t h r e e  i s  t h e  minimum number o f  p r o p e l l e r s  grouped l a t e r a l l y  which can, by 
c y c l i c - c o n t r o 1 , i s o l a t e  a l l  t h e  c o n t r o l  fo rces  and moments. C y c l i c - c o n t r o l  
a n a l y s i s  f o r  each o f  t h e  p r o p e l l e r s  i n  a m u l t i p r o p e l l e r  group i s  assumed t o  be 
t h e  same as f o r  t h e  s i n g l e  p r o p e l l e r  ana lys is  g i v e n  i n  equat ions (73)  through 
(76) .  Greater  accuracy i s  p o s s i b l e  i f  t h e  s teady-s ta te  CT and Cp versus b l a d e  
angle va lues a r e  known f o r  each p r o p e l l e r  i n  a m u l t i p r o p e l l e r  group. 
RESULTS AND DISCUSSION 
Guide f o r  Usage of Theory 
The t h e o r e t i c a l  c y c l  i c - c o n t r o l  equati0n.s a r e  d e r i v e d  as a general  i z e d  t h e o r y  
r e l a t i n g  c y c l i c - c o n t r o l  fo rces ,  moments, power, and t h r u s t  changes, t o  t h e  
s t e a d y - s t a t e  c h a r a c t e r i s t i c s  o f  t h e  same p r o p e l l e r .  For  each c y c l i c - c o n t r o l l e d  
p r o p e l l e r  t h e r e  a r e  two a r b i t r a r y  c o n t r o l s ,  
ang le  y, f o r  govern ing t h e  magnitude o f  the c y c l i c - c o n t r o l  f o r c e  o r  moment, and 
t h e  az imuth c o n t r o l  angle,  Ycon, f o r  governing t h e  d i r e c t i o n  o r  sense of t h e  
c y c l i c - c o n t r o l  f o r c e  o r  moment. 
These i n c l u d e  t h e  c y c l i c - b l a d e  
S i n u s o i d a l  c y c l e .  - For t h e  c y c l i c - b l a d e  ang le  which v a r i e s  s i n u s o i d a l l y  
w i t h  az imuth angle,  t h e  c y c l i c  f u n c t i o n  i s  f ( y  - Y O )  = C O S ( Y  - YO), then w i t h  
ang le  y n o t  l a r g e ,  t h e  c y c l i c - c o n t r o l  r e l a t i o n s  a r e  g i v e n  i n  equat ions (73)  
th rough ( 7 6 ) .  These r e l a t i o n s  are  most use fu l ,  and a r e  t h e o r e t i c a l l y  a c c u r a t e  
b u t  a n a l y t i c a l l y  s imple.  Equat ions (40)  through (43) app ly  f o r  t h e  c o n d i t i o n  
of l a r g e  y. For  t h e  s i n u s o i d a l  c y c l e  t h e  IPn and I # n  a r e  eva lua ted  by s u b s t i -  
t u t i n g  n f o r  a i n  equat ions (28)  and (29) ,  then IPn = 1, 3/4, 5/8, 35/64, . . ., 
( n  - 1 ) I p y n - 2 / n ,  n = 2, 4, 6, . . ., even, and IMn/COSYo = 1, 3/4, 5/8, 35/64, . . . , nI[, lyn-2/(n + l )cosYo,  n = 1, 3, 5, . . ., odd. 
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The cyclic-control solution in terms of Bessel functions represents a 
closed function solution for  any value of y. This solution i s  i n  terms of the 
Fourier coeff ic ients  of the steady-state th rus t  and power and radial centers 
of thrust  and power. The linear-with-J steady-state th rus t  coeff ic ient  i s  
represented i n  a Fourier se r ies  in Bo as  in equation ( 4 5 ) .  Then the cyclic- 
control change i n  th rus t  i s  given i n  equation ( 5 0 ) ,  and the imoments Cm and 
Cn a re  given in equations (55) and ( 5 ) .  Similarly,  with the steady-state power 
coefficient represented in equation (51 ) as a Fourier s e r i e s ,  the cycl ic-control 
ideal change in  power i s  given in equation (52) ,  and the forces C y  and  CY are  
given i n  eqmtions (59) and { 7 ) .  The blade angle variation in a cycle i s  given 
i n  equation (46)  where yo from equation ( 1 )  includes the azimuth control angle 
Ycon - 
An a l ternat ive solution in terms of Bessel functions i s  as follows. I f  
the steady-state theoretical  or experimental d a t a  includes the blade radial 
center of th rus t ,  then the product ppCT can be expressed as a Fourier s e r i e s ,  
given as 
a3 
p*c* = c (encos n p o  + fns in  nB0)  
T T  n = O  
(133) 
where en and f n  are  Fourier coeff ic ients .  
i s  the Same as t h a t  of equation (55)  except eQ and fn replace an and b n ,  and 
since P T  i s  p a r t  of equation (133), KT = 0 ,  P T  = 1 ,  then equation (55)  becomes 
The cyclic-control solution fo r  Cm 
m 
I C = C c o t y  = - C O S Y  c ( -e  s in  nBo + fncos nBo)J,(ny) n 0 2  O n = l  m n  
Similarly, for  Cp/pp expanded in a Fourier se r ies  
m 
- -  cP - c (gncos nBo + h sin nBo)  
'P n = ~  n 
then with equation (59)  
a3 
I 
N O T  Cy = - C  coty = - COSY c ( -g  s in  nBo + hncos nB,)J1(ny) n O n = l  
(135) 
Steady-state propeller d a t a .  - Propeller theoretical  or experimental per- 
formance charts*contain CT and Cp as functions of advance r a t io .  
C T  - J chart ,  C T  from equation (B18) can be evaluated as a function of steady- 
s i a t e  blade angle, fro. 
CT with respect t o  B ~ ,  o r  C p  as  a Fourier se r ies  in Bo, can be formulated for 
use i n  t h e  cyclic-control theory. Similarly,  fo r  a given value of J ,  the 
Cp(po)  function i s  known,  then the der ivat ives  of Cp with respect t o  B O ,  or 
Cp as a Fourier se r ies  in 60, can be formulated. 
radial center of thrust  i s  given in equation (53) and i t s  derivative in equa- 
t i o n  (81). 
From the 
With the C P ( B o )  function known,  the derivatives of 
An approximation fo r  the 
A s imi la r  approximate expression fo r  radial center o f  power or 
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to rque i s  g i v e n  i n  equat ion  (57)  and i t s  d e r i v a t i v e  i n  e q u a t i o n  ( 9 3 ) .  P r o p e l l e r  
performance data,  p a r t i c u l a r l y  t h e o r e t i c a l  , can i n c l u d e  t h e  change o f  t h r u s t  and 
power w i t h  change i n  r a d i u s ,  as a f u n c t i o n  o f  blade r a d i u s  p o s i t i o n .  
r a d i a l  cen ters  o f  t h r u s t  and power as funct ions of  BO a r e  g i v e n  d i r e c t l y  f o r  
a p p l i c a t i o n  i n  t h e  c y c l i c - c o n t r o l  s o l u t i o n  equat ions.  
Then t h e  
An a l t e r n a t i v e  b u t  approximate s teady-s ta te  s o l u t i o n  i s  presented i n  
appendix B. The f i r s t  and second p a r t i a l  d e r i v a t i v e s  o f  t h e  t h r u s t  c o e f f i c i e n t  
a r e  g iven i n  equat ions (B16) and (817) .  Equation (B17) i n t o  (73) g ives  t h e  
c y c l i c - c o n t r o l  t h r u s t  change, and equat ions (B16), (B lO) ,  (53) ,  w i t h  (75)  g ives  
t h e  c y c l i c - c o n t r o l  moments. The f i r s t  and second p a r t i a l  d e r i v a t i v e s  of t h e  
power c o e f f i c i e n t  a r e  g i v e n  i n  equat ions (B23) and (B24), which when J = 0, 
s i m p l i f y  t o  those i n  equat ions  (B31) and (B32). Wi th  equat ion  (57) ,  t h e  i d e a l  
power change and c y c l  i c - c o n t r o l  f o r c e s  a r e  determined from equat ions (74) and 
(76) .  
A r b i t r a r y  c y c l i c  f u n c t i o n .  - The c y c l i c  f u n c t i o n  i s  f ($  - $ 0 )  d e f i n e d  i n  
equat ion  (11) .  The c y c l i c  f u n c t i o n  can be any a r b i t r a r y  an t isymmet r ic  f u n c t i o n  . .  
w i t h  azimuth angle,  b u t  by d e f i n i t i o n ,  bounded w i t h i n  fi. 
c y c l i c - c o n t r o l  s o l u t i o n  f o r  an a r b i t r a r y  c y c l i c  f u n c t i o n  i s  g iven  i n  equat ions 
(40)  through (43) .  
i n  t h e  s e c t i o n ,  C y c l i c  f u n c t i o n  o f  cos ine t o  m-power. 
The-genera l i zed  
Example s o l u t i o n s  o f  a r b i t r a r y  c y c l i c  f u n c t i o n s  a r e  g i v e n  
E x t r a  power changes. - The t o t a l  power change due t o  c y c l i c - c o n t r o l  i s  
t h e  sum o f  i d e a l  power chanqe p l u s  e x t r a  power chanqes which i n c l u d e  v i b r a t o r y  
s w i r l  o f  t h e  s l i p s t r e a m ,  angled s l ips t ream,  p i t c h i n g  a i r f o i l  o f  t h e  p r o p e l l e r -  
b lades, and v i b r a t o r y  s t r u c t u r a l  damping. 
expendi tures can be made f rom equat ions (100) , (103),  (104) , and (105) , respec t -  
i v e l y .  
An e s t i m a t e  o f  these e x t r a  power 
C o u n t e r r o t a t i n g  p r o p e l l e r .  - Wi th t h e  c o n d i t i o n  t h a t  each r o t o r  has t h e  
same va lue  o f  Y ,  t h e  c y c l i c - c o n t r o l  p i t c h i n g  and yawing moments a r e  g iven i n  
equat ions (124) and (125) and s i d e  and normal f o r c e s  i n  equat ions (126) and 
(127). 
moment i s  g iven  i n  equat ion  (130) a t  a g iven az imuth angle.  
i s o l a t e d ,  t h a t  i s ,  moments a r e  zero, t h e  r e s u l t a n t  f o r c e  i s  g iven  i n  equat ion  
(132) d i r e c t e d  r a d i a l  outward f rom t h e  s h a f t  a t  a g i v e n  azimuth angle.  
t h r u s t  change i s  g iven  i n  equat ion  (108),  and t h e  i d e a l  power change i n  equat ion  
(110).  
between t h e  two r o t o r s ,  g i v e n  i n  equat ion  (128). The l o n g i t u d i n a l  f o r c e  a long 
t h e  p r o p e l l e r  a x i s ,  o r  t h r u s t ,  i s  s imp ly  c o n t r o l l e d  by s t e a d y - s t a t e  b lade angle.  
The e x t r a  power r e q u i r e d  i n  c y c l  i c - c o n t r o l  o p e r a t i o n  i s  approximated i n  equat ions 
( l o o ) ,  (103) ,  (104),  and (105) .  However, i n  t h e  i s o l a t e d  moment c o n d i t i o n  t h e  
v i b r a t o r y  s w i r l  from t h e  two r o t o r s  cancel  each o t h e r  and equat ion  (100) i s  
assumed zero.  A lso  i n  t h e  i s o l a t e d  moment c o n d i t i o n ,  t h e  f o r c e s  a r e  zero, then 
equat ion  ( 1  03) becomes zero.  
When moments a r e  i s o l a t e d ,  t h a t  i s ,  f o r c e s  a r e  zero,  t h e  r e s u l t a n t  
When f o r c e s  a r e  
The 
The r o l l i n g  moment about t h e  p r o p e l l e r  s h a f t  i s  t h e  change o f  t o r q u e  
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Example Solution and Experimental Comparison 
An example use of  cyclic-control theory i s  shown by applying the theory t o  
a test-model propeller. 
The geometric character is t ics  of the propeller are l i s t e d  i n  equation ( 7 7 ) .  
Analytical analysis of the t e s t  steady-state th rus t  and power d a t a  resu l t s  i n  
functional relationships with blade angle. T a k i n g  derivatives with respect t o  
blade angle provides the thrus t  and  power derivatives.  
could have been obtained graphically from curves of steady-state thrust  and  power 
against blade angle. 
linear-with-J values. 
value of equation (B18) remains u n k n o w n .  
th rus t  starred derivatives is given in equations (B19) and (BZO) ,  in t e r m  O f  
thrust  derivatives a t  J = 0. b l i t h  the derivatives known and  w i t h  equations 
(53) and (57 ) ,  the cyclic-control values are  determined from equations (73)  
t h r o u g h  (76 ) .  
Comparison o f  Theory w i t h  Experiment. In  t h a t  sect ion,  theory values of  th rus t  
change and pitching moment are compared w i t h  experiment, f o r  various values of 
blade angle. The theory and  t e s t  resu l t s  cor re la te  within the accuracy of the 
t e s t  measurements. Similar correlation i s  shown for the side force prediction. 
The theoretical ideal change of power i s  of  the order 30 percent less  t h a n  the 
t o t a l  measured change o f  power. 
t i t l e d ,  Total Power Comparisons o f  Theory with Experiment, which shows good 
correlation between theory and experiment of to ta l  power change due to  cyclic- 
control .  I n  comparison with the four extra  power estimates , the slipstream 
vibratory swirl power due t o  cycl ic  control appears as the la rges t .  
The theory i s  given in equations (73) t h r o u g h  ( 7 6 ) .  
These derivatives 
These thrus t  derivatives are J = 0 values, b u t  n o t  the 
The t e s t s  were made a t  J = 0 ,  t h u s  the thrust  s tarred 
For t h i s  case an estimate of the 
Details o f  the theory application are  given i n  the section t i t l e d ,  
Extra power values are  estimated i n  the section 
Isolated Cycl ic-Control Forces and Moments 
I n  an a i r c r a f t  control system i t  i s  desirable t o  i n i t i a t e  a given force or 
moment without  other accompanying forces or moments. The cyclic-control counter- 
rotat ing propeller has t h i s  unique qual i ty  as shown i n  the development given in 
the section, Counterrotating Propeller. Qualitatively,  isolat ion of  forces and  
moments are demonstrated a t  the  beginning of t h a t  sect ion,  and ana ly t ica l ly  in 
equations (124)  t h r o u g h  ( 1 2 7 ) .  The control i s  by means of  the azimuth angle of 
each rotor. 
are  zero and the moments a re  isolated.  When y o 2  i s  s e t  equal t o  IT + y o 1 ,  then 
the moments a re  zero and the forces a re  isolated.  
When Y o 2  o f  rotor 2 i s  s e t  equal t o  "01 of  rotor 1 ,  then the forces 
Concurrent control of  a rb i t r a ry  force and moment o f  a counterrotating 
propeller.  - Equations ( 1  18) t h r o u g h  ( 1  21 ) apply for equal steady-state opera- 
t ion of t h e  clockwise rotation rotor 1 ,  and  the counterclockwise r o t a t i o n  
rotor 2.  The resul tants  o f  a r b i t r a r y  moment and of force are  given by 
(137) 
P r J 
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P P 
where k y  - 
The desired moment, force,  and directions a re  Cmn, Y m n y  C Y N ,  and  YYN. 
clockwise rotation rotor and the counterclockwise rotation rotor respectfully 
have the cyclic-blade angle variation given by 
The 
For given values of Y 1 ,  'YQ1, , and Y o 2 ,  the Cm, C n ,  C y ,  and  C N  coeff ic ients  
are  determined from equations 118) t h r o u g h  (121 ) . With these Val ues , the 
resul tant  moment and force a re  obtained from equations (137) and (138).  In  the 
application for  isolat ing force and moment resultants from each other ,  the 
v-angles become Y Z  = 
t ions of equations (13 ) and (132). 
, then equations (137) and (138) simplify t o  the solu- 'd 
Multipropeller. - The forces and moments of a single propeller with cyclic- 
control cannot be isolated.  In the sect ion,  Multipropellers In Line, i t  i s  
shown how f o r  two propellers in l ine  a s  on a wing, the pitching moment and s ide 
and  normal forces can be isolated,  b u t  yawing and rol l ing moments cannot. Three 
propellers in l ine  i s  the minimum number fo r  which a l l  forces and moments can 
be isolated.  
one propeller re la t ive  t o  the next, influences the magnitude of the isolated 
yawing and rol l  i ng moments. 
For propellers in l i ne  the direction of propeller rotation of 
Effect of Cyclic Function 
Cyclic functions, f ( y  - y o ) ,  other t h a n  sinusoidal are  investigated in the 
sections Cyclic function o f  cosine t o  m-power and Cyclic function fo r  most 
moment with l ea s t  extra power, a lso,  with minimum blade pitching acceleration. 
The resu l t s  show t h a t  when the cyclic function i s  a s tep function then the 
cyclic-control forces and moments are  maximum, 27 percent larger  than fo r  the 
sinusoidal cycl ic  function. The ideal change i n  power i s  twice larger  than tha t  
f o r  the sinusoidal cycle. The step function means t h a t  blade angle i s  B~ -t Y 
for half a cycle and  BO - Y for  the second half ,  which resu l t s  in an i n f i n i t e  
blade angle acceleration a t  each change. The la rges t  cyclic-control force or 
moment fo r  a given ideal change of power i s  shown t o  be a cyclic function 
which i s  sinusoidal.  
erat ion.  The cycl ic  function which has the smallest maximum acceleration has 
ten percent l e s s  t h a n  t h a t  of the sinusoidal cycle and i s  given in equation (39).  
This function i s  very close t o  sinusoidal and the force or moment t o  power 
r a t io  i s  essent ia l ly  the same as t h a t  of t h e  sinusoidal cycle. 
Blade fat igue depends on the maximum blade angular accel- 
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P r o p e l l e r  I n c l i n a t i o n  
P r o p e l l e r  f o rces  and moments and t h r u s t  and power changes a r e  generated 
when the p r o p e l l e r  i s  i n c l i n e d  t o  t h e  f ree-s t ream v e l o c i t y .  These va lues a r e  
ob ta inab le  f rom t h e  theo ry  o f  re fe rence  4. 
t o  b lade ang le  o f  t h e  s teady -s ta te  t h r u s t  and power o f  t h e  i n c l i n e d  p r o p e l l e r  
which are used f o r  a p p l i c a t i o n  i n  t h e  present  c y c l i c - c o n t r o l  theory .  
p r o p e l l e r  f o r c e s  and moments a re  those due t o  c y c l i c - c o n t r o l  p l u s  those due t o  
i n c l i n a t i o n  angle. 
It i s  t h e  d e r i v a t i v e s  w i t h  respec t  
The t o t a l  
CONCLUSIONS 
The equat ions  f o r  f o r c e s  and moments, and t h r u s t  and power changes, due t o  
a c y c l i c - c o n t r o l l e d  p r o p e l l e r ,  when a n a l y t i c a l l y  d e r i v e d  by power s e r i e s ,  have 
l e d  t o  a mathematical c l a s s i c  i n  s i m p l i c i t y .  These c y c l i c - c o n t r o l  equat ions  
a r e  d i r e c t l y  r e l a t e d  t o  t h e  d e r i v a t i v e  w i t h  respec t  t o  b lade  ang le  o f  t h e  steady- 
s t a t e  p r o p e l l e r  t h r u s t  and power c h a r a c t e r i s t i c s .  The s o l u t i o n  remains s imp le  
f o r  any harmonic v a r i a t i o n  o f  c y c l i c - b l a d e  ang le  w i t h  az imuth ang le  d u r i n g  t h e  
b lade  r e v o l u t i o n .  An a l t e r n a t i v e  so lu t i on ,  l i m i t e d  t o  s i n u s o i d a l  v a r i a t i o n  o f  
c y c l i c - b l a d e  angle,  i s  i n  terms o f  Bessel f u n c t i o n s ,  which r e s u l t s  i n  a c losed-  
form s o l u t i o n  f o r  any va lue  o f  maximum c y c l i c - b l a d e  angle.  The s tudy  shows t h a t  
a s inuso ida l  v a r i a t i o n  o f  c y c l i c - b l a d e  ang le  g i ves  t h e  maximum c o n t r o l  f o r c e  and 
moment f o r  a g iven  i d e a l  change i n  power. 
ang le  gives t h e  maximum c o n t r o l  f o r c e  and moment, which i s  27 percent  g r e a t e r  
than t h a t  o f  s i n u s o i d a l  v a r i a t i o n ,  however, t h e  i d e a l  change i n  power i s  t w i c e  
l a r g e r .  A s i n u s o i d a l  c y c l e  w i t h  a smal l  t h i r d  harmonic i s  as e f f e c t i v e  as 
t h e  s inuso ida l  alone, b u t  has t e n  percent  l e s s  maximum angu la r  a c c e l e r a t i o n  
which may be a f a t i g u e  cons ide ra t i on .  Analyses f o r  e s t i m a t i n g  f o u r  e x t r a  power 
r e q u i r e d  terms show t h a t  t h e  s l i p s t r e a m  v i b r a t o r y  s w i r l  e x c i t e d  by c y c l i c  a c t i o n s  
adds 15 t o  20 percent  t o  t h e  i d e a l  change i n  power, w h i l e  severa l  o t h e r  c o n t r i -  
b u t o r s  t o  power remain smal l .  An example a p p l i c a t i o n  o f  t h e  t h e o r y  t o  a c y c l i c -  
c o n t r o l  t e s t  p r o p e l l e r  shows good c o r r e l a t i o n  between theo ry  and t e s t  r e s u l t s  o f  
c y c l i c - c o n t r o l  f o r c e  and moment, and power and t h r u s t  change. 
A s tep  v a r i a t i o n  o f  c y c l i c - b l a d e  
C y c l i c - c o n t r o l  a n a l y s i s  i s  developed f o r  t h e  c o u n t e r r o t a t i n g  p r o p e l l e r .  It 
i s  shown t h a t  un ique ly ,  a s i n g l e  c o u n t e r r o t a t i n g  p r o p e l l e r  can i s o l a t e  a l l  
c y c l i c - c o n t r o l  f o r c e s  and moments, t hus  t h i s  p r o p e l l e r  makes an i d e a l  powered 
c o n t r o l ,  a c t i v e  c o n t r o l ,  and p r o p u l s i v e  u n i t  f o r  a v e h i c l e .  A minimum of t h r e e  
and p re fe rab ly  f o u r  p r o p e l l e r s  i n  l i n e ,  as on a wing, a r e  needed t o  i s o l a t e  a l l  
c y c l  i c - c o n t r o l  f o r c e s  and moments. 
KENTRON INTERNATIONAL, I N C .  
Hampton Technical Center 
an LTV company 
Hampton, V i r g i n i a  23666 
May 2, 1979 
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APPENDIX A 
QUASI-STEADY AZIMUTH ANGLE CHANGE D U E  TO BLADE 
CYCLIC PITCHING AT CHORD POSITION 6, 
For a blade tha t  pitches about an axis  X a  distance from the leading edge, 
a l inear  w i t h  x velocity i s  induced along the blade chord, as shown i n  the 
drawing. This induced velocity creates 
an induced camber on the blade which i s  I blade 
/J A g,axis, o f  rotat ion 
xa 4 ? 7 f 7 
posit ive fo r  plus wa, and is a negative 
camber whenwa i s  negative. This camber 
changes the blade loading and l i f t ,  thus 
The quasi-steady solution assumes tha t  the l i f t  i s  tha t  w i t h  wa as a constant. 
The induced velocity is 
where b is blade chord, 6 = x /b ,  Ea = xa/b. The th in-a i r fo i l  solution fo r  
l i f t  of the blade w i t h  t h i s  induced velocity is 
The value w i t h i n  the brackets represents the e f fec t ive  blade angle which fo r  
cycl i c  control becomes 
where 
The angular velocity of a cyclic-control blade i s  the derivative of equation 
(A4) w i t h  respect t o  time, then 
- dSo dr d f ( y  - y 1 )  + - ( - -  b 3 dwa 
5,) dt w - - + - f ( Y  - Y 1 )  + y  d t  'R a d t  d t  
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which s i n c e  B ~ ,  Y, and wa a r e  assumed cons tan t  w i t h  t ime,  becomes 
d f ( Y  - yl) d(Y - y1)  d f ( Y  - yl) - = 2Tny d - 
'a - d ( y  - yl) d t  9) 
3 Also, a t  r = R 
45 2 1 / 2  3 0  mR[1 + (x) ] , b = TR 3 v 3 -  R 2  
Combining equat ions (A6) and (A7) r e s u l t s  i n  
Equation (A8) i s  i n s e r t e d  i n t o  t h e  e f f e c t i v e  b lade angle equat ion  (A4), then 
Z T  - 0 3  (- - t a )  df(Y - y 1 )  
45 2 1/2 pc-q- 
B 4  f ( Y  - Y o )  = f (Y - Y 1 )  + 
[1 + 1 
which shows angu lar  change due t o  t h e  d e r i v a t i v e  term. 
v a r i a t i o n ,  f ( y  - y1)  = C O S ( Y  - y1) ,  then 
For s i n u s o i d a l  b lade 
COS(Y - Y o )  = COS(Y - Y1) - s i n ( Y  - y l )  
2 Since (o/B) 
then w i t h  equat ions ( 1 )  and (A5), e q u a t i o n  (A10) s i m p l i f i e s  t o  
i s  smal l ,  t h e  f a c t o r  o f  t h e  cos ine  term i s  approx imate ly  u n i t y ,  
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1 I The e f f e c t i v e  yax i s  - Y ~ ~ ( ~ ) ,  then 
0 1 
2.n ( t a  - F )  
[1 + (?j$ 1
(A1 2)  -1  = t a n  
45 2 1/2 'ax 
where <a = xa/b i s  t h e  b lade chord p o s i t i o n  from b lade l e a d i n g  edge about 
which t h e  b l a d e  p i tches ,  t y p i c a l l y  <a 
yax 3 due t o  b lade p i t c h i n g  a t  a r b i t r a r y  values o f  <a, w i l l  n o t  be l a r g e  s i n c e  
t h e  r a t i o  o f  p r o p e l l e r  s o l i d i t y  t o  number o f  blades i s  smal l .  
1/2. The e f f e c t i v e  phase ang le  change, 
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APPENDIX  B 
APPROXIMATE STEADY-STATE PROPELLER THRUST AND 
POWER C O E F F I C I E N T S  AND D E R I V A T I V E S  
From reference 4 the l inear  with advance r a t io  approximations of th rus t  
and  power coeff ic ients  are 
CT* = e ( J  - J)cos(  go - E) ( B 1 )  T OT 
Cp*  = ep(Jop - J )  s in@o (B2) 
where 
JOT = gtanO, (B5) 
g = 2.1 + . 5  t a n $  (B6) 
2 8 do[l + 7 sin 3(@, - q ) ]  
h =  - 
15 singo cosJgo 
do = 6 + . 8 ( 6 ,  + B ) s i n  3 K u  2 g1 0 
where IC i s  blade section l i f t  coeff ic ient  divided by Z T ,  B i s  number of blades, 
6o i s  blade section drag  coeff ic ient  a t  zero l i f t ,  and 61 i s  given in equation 
( 5 4 ) .  The nonlinear variation with advance r a t io  i s  approximated by a square 
root  factor,  as 
( B W  
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CP" cp = ~ 
EP1" 
where 
25 2 3 2 = 1 + - e (1 + sin2B (1  - 2)' ET 4 T  0 OT 
Thrust Coefficient Derivatives 
The r a t io s  of C;'/CT, and C;"/CT a re  needed. The single prime and double 
prime indicate the f i r s t  par t ia l  derivative and the second par t ia l  derivative 
with respect t o  fro. From equation (B5) 
then the f i r s t  derivative of equation (B l ) ,  divided by C T ,  i s  
I 
- tan(Bo - €)]ET 1 / 2  
(JOT - J)sin2Bo 
The second derivative of equation ( B l ) ,  divided by CT,  i s  
I 1  
] ET1 2 JOTsi ne 2 - J)sinBo cos Bo C O S ( B o  - E )  - Cf = [-1 + cT ( 
When advance r a t i o  i s  zero, the advance ra t io  a t  zero thrust  terms becomes unity 
i n  equations (B16) and (817). 
Generally steady-state propeller thrust coeff ic ients  are presented in 
propeller char ts  as a function of advance ra t io ,  J .  
advance r a t i o  thrus t  coeff ic ient  i s  obtainable as 




f rom which t h e  d e r i v a t i v e s  w i t h  r e s p e c t  t o  B~ o r  B can be evaluated.  However, 
i f  on ly  s t a t i c  c o n d i t i o n s ,  J=O, data  i s  a v a i l a b l e ,  then aCT/aJ cannot be form- 
u l a t e d .  For  t h i s  case t h e  C p  d e r i v a t i v e s  can be o b t a i n e d  from equat ion  (B10).  
The f i r s t  and second d e r i v a t i v e s  o f  C p  -In terms o f  CT, a r e  
I I I 
ET 1/2 
+ -)ET 
- =  c; (- cT 
cT cT ET 
I 1  I I  I I  I I I  
- _  c? - LCT - + ET 'T - -( 1 ET ) 2 + --]ET 1 ET 1 /2 
cT cT E ~ C ~  4 7  ET 
where ET i s  g i v e n  i n  equat ion  ( B l Z ) ,  and t h e  d e r i v a t i v e s  o f  ET are,  f o r  J = 0 
I - 75 e 2 ( c o s ~ ~ o  + 16 3 s i n 4 ~ ~ )  ET - - 8 T  
ET - 75 eT 2 (8 3 cos48, - sin2Bo) 
A p p l i c a t i o n  o f  equat ions (B19) and (B20) p rov ides  approximate p r e d i c t i o n s  Of 
t h e  l i n e a r  w i t h  J t h r u s t  c o e f f i c i e n t  d e r i v a t i v e s  i n  terms o f  s t e a d y - s t a t e  
t e s t  o r  p r o p e l l e r  t h e o r y  t h r u s t  c o e f f i c i e n t  d e r i v a t i v e s .  
Power C o e f f i c i e n t  D e r i v a t i v e s  
The d e r i v a t i v e  r a t i o s  Cp'/Cp, and Cpl ' /Cp a r e  o b t a i n e d  by t a k i n g  t h e  d e r i -  
The f i r s t  and second d e r i v a t i v e s  v a t i v e s  o f  equat ion  (B11) w i t h  r e s p e c t  t o  p0. 
d i v i d e d  by Cp a r e  
C;' C $ '  E;' 
Cp CE 2 Ep 
- _ _ _ _ _ _ - -  
E '  2 E;'' 3 P  C,!' C*lI E;' Ct' 
cP C t  Ep C$ 4 Ep 2 Ep 
+ -(-) - -  - - P - - - _ _ -  
where Ep i s  g i ven  i n  equa t ion  (B13), and t h e  C;I and Ep d e r i v a t i v e s  are 
C;; ' J6P - - -  - l +c;; tango Jop - J 
J;; + 2J;P C* '  I - -  - - I +  
c;: J o p  - J T J ~ ~  - J )  tango 
. I  
2 J  J 'OP E;' = 18 ep (1  - -) - 
OP J o P  JoP 
J o P  OP OP OP OP 
J J 6 P  2 
( 2  - 3+J) 1 E;I = 18 e J c(1  - r) J - 
where Jop i s  g iven  i n  equat ion  (B7),  and t h e  d e r i v a t i v e s  a r e  
2 
21 s in6 (go  - gl) 1 - 4 s i n  go 
s i n  go cos g 
- + "{ 4 
- 2  
0 
3 J b ~  s i n ~ g ,  15 s ingo cos go 
(B25) 
63 cos6(8, - gl) 21(1 - 4 s i n  2 go) 
s in6 (go  - fill + 3 - 2  s i n  go cos 4 go 0 s ingo cos B 
2 4 1 - 3 s i n  go + 8 s i n  go 
3 5 
s i n  go cos go 
A t  zero v e l o c i t y ,  o r  i n  hover,  t h e  advance r a t i o  i s  zero,  then E;' = Ell = 0, 
and the  power c o e f f i c i e n t  d e r i v a t i v e s  g r e a t l y  s i m p l i f y .  For  3 = 0 
J 6 P  + -  J;; c ;  I 
cP J o P  tango JoP 
- -  - -1 + 
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